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Abstract. We prove mean and pointwise ergodic theorems for 
general families of averages on a semisimple algebraic (or S'-algebraic) 
group G, together with an explicit rate of convergence when the 
action has a spectral gap. Given any lattice T in G, we use the 
ergodic theorems for G to solve the lattice point counting problem 
for general domains in G, and prove mean and pointwise ergodic 
theorems for arbitrary measure-preserving actions of the lattice, 
together with explicit rates of convergence when a spectral gap is 
present. We also prove an equidistribution theorem in arbitrary 
isometric actions of the lattice. 

For the proof we develop a general method to derive ergodic 
theorems for actions of a locally compact group G, and of a lattice 
subgroup r, provided certain natural spectral, geometric and reg- 
ularity conditions are satisfied by the group G, the lattice F, and 
the domains where the averages are supported. In particular, we 
establish the general principle that under these conditions a quan- 
titative mean ergodic theorem in L^(G/F) for a family of averages 
gives rise to a quantitative solution of the lattice point counting 
problem in their supports. We demonstrate the new explicit error 
terms that we obtain by a variety of examples. 



Contents 

1. Main results : Semisimple Lie groups case 

1.1. Admissible sets 

1.2. Ergodic theorems on semisimple Lie groups 

1.3. The lattice point counting problem in admissible domains 

1.4. Ergodic theorems for lattice subgroups 

2. Examples and applications 



Date: Final version, September 2007. 

1991 Mathematics Subject Classification. Primary 22D40; Secondary 22E30, 
28D10, 43A10, 43A90. 

Key words and phrases. Semisimple Lie groups, algebraic groups, lattice sub- 
groups, ergodic theorems, maximal inequality, equidistribution, spectral gap, spher- 
ical functions. 

The first author was supported in part by NSF Grant. 

The second author was supported in part by the Institute for Advanced Study 
and an ISF grant. 

1 



2 



ALEXANDER GORODNIK AND AMOS NEVO 



2.1. Hyperbolic lattice points problem 

2.2. Counting integral unimodular matrices 

2.3. Integral equivalence of general n-forms 

2.4. Lattice points in 5-algebraic groups 

2.5. Examples of ergodic theorems for lattice actions 

3. Definitions, preliminaries, and basic tools 

3.1. Maximal and exponential-maximal inequalities 

3.2. 5-algebraic groups and upper local dimension 

3.3. Admissible and coarsely admissible sets 

3.4. Absolute continuity, and examples of admissible averages 

3.5. Balanced and well-balanced families on product groups 

3.6. Roughly radial and quasi-uniform sets 

3.7. Spectral gap and strong spectral gap 

4. Statement of results : general S'-algebraic groups 

4.1. Ergodic theorems for admissible sets 

4.2. Ergodic theorems for lattice subgroups 

5. Proof of ergodic theorems for G-actions 

5.1. Iwasawa groups and spectral estimates 

5.2. Ergodic theorems in the presence of a spectral gap 

5.3. Ergodic theorems in the absence of a spectral gap, I 

5.4. Ergodic theorems in the absence of a spectral gap, II 

5.5. Ergodic theorems in the absence of a spectral gap. III 

5.6. The invariance principle, and stability of admissible averages 

6. Proof of ergodic theorems for lattice actions 

6.1. Induced action 

6.2. Reduction theorems 

6.3. Strong maximal inequality 

6.4. Mean ergodic theorem 

6.5. Pointwise ergodic theorem 

6.6. Exponential mean ergodic theorem 

6.7. Exponential strong maximal inequality 

6.8. Completion of proofs of ergodic theorems for lattices 

6.9. Equidistribution in isometric actions 

7. Comments and complements 

7.1. Explicit error term 

7.2. Exponentially fast convergence versus equidistribution 

8. Appendix : volume estimates and volume regularity 

8.1. Admissibility of standard radial averages 

8.2. Convolution arguments 

8.3. Admissible, well-balanced, boundary-regular families 

8.4. Admissible sets on principal homogeneous spaces IOC 

8.5. Tauberian arguments and Holder continuity 102 
References 108 



THE ERGODIC THEORY OF LATTICE SUBGROUPS 



3 



1. Main results : Semisimple Lie groups case 

1.1. Admissible sets. Let G be a locally compact second countable 
(Icsc) group, and F C G a lattice subgroup. Consider the following 
four fundamental problems in ergodic theory that present themselves 
in this context, namely : 

(1) Prove ergodic theorems for general families of averages on G, 

(2) Solve the lattice point counting problem (with explicit error 
term) for any lattice subgroup F and for general domains on G, 

(3) Prove ergodic theorems for arbitrary actions of a lattice sub- 
group F, 

(4) Establish equidistribution results for isometric actions of the 
lattice F. 

Our purpose in the present paper is to give a complete solution to 
these problems for non-compact semisimple algebraic groups over ar- 
bitrary local fields, and any of their lattices. Our results apply also to 
lattices in products of such groups, and thus also to S-algebraic groups 
and their lattices. In fact, many of our arguments hold in greater gen- 
erality still, and we will elaborate on that further in our discussion 
below. However, for simplicity of exposition we will begin by describ- 
ing the main results, as well as some of their applications, in the case 
of connected semisimple Lie groups. 

We start by introducing the following definition, which describes the 
families f3t that will be the subject of our analysis. 

Fix any left-invariant Riemannian metric on G, and let 



Let niG denote a fixed left Haar measure on G. 

Definition 1.1. An increasing family of bounded Borel subsets Gf, 
t > 0, of G will be called admissible if there exists c > such that for 
all t sufficiently large and e sufficiently small 



Let us briefly note the following facts (see Prop. 13. 131 and Prop. 15.241 
below, as well as the Appendix for the proof). 

(1) Admissibility is independent of the Riemannian metric chosen 
to define it. 

(2) Many of the natural families of sets in G are admissible. In 
particular the radial sets Bt projecting to the Cartan-Killing 



Oe = {geG: d{g,e) < e}. 



■ Gt ■ Os C Gt+cej 

mciGt+e) < {l + ce)-mG{Gt). 



(1.1) 
(1.2) 
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Riemannian balls on the symmetric space are admissible. Fur- 
thermore, the sets {g ; log ||t((7)|| < t} where r is faithful linear 
representation are also admissible, for any choice of linear norm 

(3) Admissibility is invariant under translations, namely if Gt is 
admissible, so is gGth, for any fixed g,h & G. 

It is natural to define also the corresponding Holder conditions. As 
we shall see below, whenever a spectral gap is present, the assumption 
of admissibility can be weakened to Holder admissibility. 

1.2. Ergodic theorems on semisimple Lie groups. We define jSt 
to be the probability measures on G obtained as the restriction of Haar 
measure to Gt, normalized by mGiGt). 

The averaging operators associated to (3t when G acts by measure- 
preserving transformations of a probability space (X, /x) are given by 



Assume G is connected semisimple with finite center and no compact 
factors. Then 

(1) The family (3t (and Gt) will be called (left-) radial if it is invari- 
ant under (left-) multiplication by some fixed maximal compact 
subgroup K, for all sufficiently large t. Standard radial averages 
are those defined in Definition 13.181 

(2) The action is called irreducible if every non-compact simple 
factor acts ergodically. 

(3) The action is said to have a strong spectral gap if each sim- 
ple factor has a spectral gap, namely admits no asymptotically 
invariant sequence of unit vectors (see §3.6 for a full discussion). 

(4) The sets Gt (and the averages (5t) will be called balanced if 
for every simple factor H and every compact subset Q of its 
complement, Pt{QH) — > 0. Gt will be called well-balanced if the 
convergence is at a specific rate (see §3.5 for a full discussion). 

Our first main result is the following pointwise ergodic theorem for 
admissible averages on semisimple Lie groups. 

Theorem 1.2. Pointwise ergodic theorems for admissible aver- 
ages. Let G be a connected semisimple Lie group with finite center and 
no non-trivial compact factors. Let {X, /i) be a standard Borel space 
with a probability-measure-preserving ergodic action ofG. Assume that 
Gt is an admissible family. 
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(1) Assume that f3t is left-radial. If the action is irreducible, then 
(3t satisfies the pointwise ergodic theorem in Lp{X), 1 < p < oo, 
namely for every f G L'^{X), and for almost every x G X ; 



The conclusion holds also in reducible actions of G, provided 
the averages are standard radial, well-balanced and boundary- 
regular (see %%3.4, 3.5 for the definitions) . 
(2) // the action has a strong spectral gap, then (3t converges to the 
ergodic mean almost surely exponentially fast, namely for every 
f G LP(X), 1 < p < oo, and almost all x & X 



where 6p > depends explicitly on the spectral gap (and the 
family Gt). 

The conclusion holds also in actions of G with a spectral gap, 
provided the averages satisfy the additional necessary condition 
of being well-balanced (see §§5.5, 3.7 for the definitions). 

Regarding Theorem 11.2( 1). we remark that the proof of pointwise 
convergence in the case of reducible actions without a spectral gap is 
quite involved, and we have thus assumed in that case that the aver- 
ages are standard radial, well-balanced and boundary-regular to make 
the analysis tractable. However, the reducible case will be absolutely 
indispensable for us below, since we will induce actions of a lattice 
subgroup to actions of G, and these may be reducible. 

Regarding Theorem ll.2( 2). we note that dp depends explicitly on the 
spectral gap of the action, and on natural geometric parameters of Gt, 
and we refer to §7.1 for a full discussion including a formula for a lower 
bound. Furthermore, Holder admissibility is sufficient for this part, as 
we will see below. 

Let us now formulate the following invariance principle for ergodic 
actions of G, which will play an important role below, in the derivation 
of pointwise ergodic theorems for lattices. 

Theorem 1.3. Invariance principle. LetG, {X,fi) be as in Theorem 
and let Gt be an admissible family. Then for any given function 
f G L^{X) the set where pointwise convergence to the ergodic mean 
holds, namely 
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contains a G -invariant set of full measure. 

We note that G is a non-amenable group, and the sets Gt are not 
asymptotically invariant under translations (namely do not have the 
F0lner property). Thus the conclusion of Theorem 11.31 is not obvious, 
even in the case where X is a homogeneous G-action. The special case 
where G = SO'^ln, 1) and jSt are the bi-i^'- invariant averages lifted from 
ball averages on hyperbolic space IT^ was considered earlier by [BRj . 

One of our applications of ergodic theorems on G is to the lattice 
point counting problem in Gt- The solution of the latter actually de- 
pends only on the mean ergodic theorem for (3t, which holds under 
more general conditions than the pointwise theorem. Because of its 
later significance, we therefore formulate separately the following 

Theorem 1.4. Mean ergodic theorems for admissible averages. 

Let G and {X, fi) be as in Theorem and let Gt be an admissible 
family. 

(1) If the action is irreducible or Gt are balanced, then 



(2) // the action has a strong spectral gap, or a spectral gap and the 
averages are well balanced, then 



for the same 6p > as in Theorem \1.^ 2). 

1.3. The lattice point counting problem in admissible domains. 

Let now F C G be any lattice subgroup; the lattice point counting prob- 
lem is to determine the number of lattice points in the domains Gt- Its 
ideal solution calls for evaluating the main term in the asymptotic ex- 
pansion, establishing the existence of the limit, and estimating explic- 
itly the error term. Our second main result gives a complete solution 
to this problem for all lattices and all families of admissible domains. 
The proof we give below will establish the general principle asserting 
that a mean ergodic in LF'iG/T) for the averages I3t (with explicit rate 
of convergence) implies a solution to the F-lattice point counting prob- 
lem in the admissible domains Gt (with an explicit estimate of the error 
term). We will show below that under certain natural assumptions this 
principle can be established in great generality for lattices in general 
Icsc groups, but will state it first for connected semisimple Lie groups. 




, 1 < J9 < OO . 




1 < p < OO 
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We note that in this case, the main term in the lattice count (namely 
part (1) of the following theorem) was established [Baj (for uniform 
lattices), [DRSj (for balls w.r.t. a norm) and [EM] (in general). Error 
term were considered for rotation-invariant norms in [DRSj and for 
more general norms very recently in |Maj . For a comparison of part 
(2) of the following theorem with these results see §2. 

Theorem 1.5. Counting lattice points in admissible domains. 

Let G be a connected semisimple Lie group with finite center, and no 
non-trivial compact factors. Let Gt be an admissible family of sets, and 
let r be any lattice subgroup. Normalize Haar measure mc to assign 
measure one to a fundamental domain ofV in G. 

(1) IfV is an irreducible lattice, or the sets Gt are balanced, then 

hm — — = 1 . 

t-*oo mG[Gt) 

(2) If {G /T , me /r) has a strong spectral gap, or the sets Gt are well 
balanced, then, for all e > 

l + Oe{ exp 



where 9 > depends on Gt and the spectral gap in G/T, via 

Remark 1.6. (1) Recall that the G-action on {G/r,mG/r) is irre- 
ducible if and only if F is an irreducible lattice in G, namely the 
projection of F to every simple factor of G is a dense subgroup. 

(2) The G-action on G/T always has a spectral gap, but whether 
it has a strong spectral gap seems to be an open problem, in 
general (see §3.5 for more details). 

(3) When the action has a strong spectral gap, the parameter 6 can 
be given explicitly in terms of the rate of volume growth of the 
sets Gt and the size of the gap - see Remark [5.101 and §7.1. 

(4) Note that under the normalization of mo given in Theorem II. 5 [ 
if A C F is a subgroup of finite index, then 

, lAnGJ 1 

lim ; — - = . 

t-oo mciGt) [T : A] 

Finally, we remark that the condition of admissibility is absolutely 
crucial in obtaining pointwise ergodic theorems for G, and thus also 
for F. This is true when the action does not have a spectral gap, 
but also when it does (although here Holder-admissibihty is sufficient). 
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However, lattice point counting results, quantitative or not, hold in 
significantly greater generality. Namely, it holds for families that satisfy 
the weaker condition mG{OeGtOe) < (l+ce)mG(Gj), which amounts to 
a quantitative version of the well-roundedness condition of |DRSj and 
|EM] . This generalization is discussed systematically in [GNj . where 
several applications, including to quantitative counting of lattice points 
in sectors, on symmetric varieties and on Adele groups are given. 

1.4. Ergodic theorems for lattice subgroups. We now turn to our 
third main result, namely to the solution of the problem of establish- 
ing ergodic theorems for a general action of a lattice subgroup on a 
probability space {X,fi). This result also uses Theorem 11.21 as a basic 
tool; here it is applied to the action of G induced by the action of T on 
{X,fi). This argument generalizes the one used in the proof of Theo- 
rem 11.51 where we considered the action of G induced from the trivial 
action of F on a point. However the increased generality requires a 
considerable number of additional further arguments. 

To formulate the result, consider the set of lattice points Tt = TnGt- 
Let Xt denote the probability measure on F uniformly distributed on 



We begin with the following fundamental mean ergodic theorem for 
arbitrary lattice actions. 

Theorem 1.7. Mean ergodic theorem for lattice actions. 

Let G, Gt and V , he as in Theorem \1.5[ Let (X, yu) he an ergodic 
measure-preserving action ofT. 

(1) Assume the action of G induced from the T -action on (X, /i) is 
irreducible, or that Gt are balanced. Then for every f G L'^^X), 
1 < p < oo, 



(2) Assume that the action of G induced from the T-action on 
(X, /x) has a strong spectral gap, or that it has a spectral gap and 
Gt are well balanced. Then for every f G Lp{X), 1 < p < oo 



where 6p is determined explicitly by the spectral gap for the in- 
duced G-action (and depends also on the family Gt). 
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One immediate application of Theorem 11.71 arises when we take X 
to be a transitive action on a finite space, namely X = F/A, A a finite 
index subgroup. 

Corollary 1.8. Equidistribution in finite actions. Let G, T and 

Gt be as in Theorem \1.5[ Let A G T be a subgroup of finite index, and 
7o any element in V . 

(1) Under the assumptions of Theorem \1.5\( l) 

lim ernGt: J = Jo mod A}\ = — ^ . 

t-*oo |i ^1 [i : AJ 

(2) Under the assumptions of Theorem \1.1^ 2) 

^ ■ I {7 G r n : 7 = 70 mod A} = + 0{e~'') 

where 5 > 0, and is determined explicitly by the spectral gap in 
G/A. 

We remark that the first conclusion in Corollary ll.81 namely equidis- 
tribution of the lattice points in F fl among the cosets of A in F can 
also be obtained using the method of [GW], which employs Ratner's 
theory of unipotent fiow. It is also possible to derive this result from 
considerations related to the mixing property of fiows on G/T. 

Another application of the mean ergodic theorem is in the proof of 
an equidistribution theorem for the corresponding averages in isometric 
actions of the lattice. The result is as follows. 

Tiieorem 1.9. Equidistribution in isometric actions of lattices. 

Let G, Gt, and F be as in Theorem \l. 7[ Let {S, d) be a compact metric 
space on which F acts by isometrics, and assume the action is ergodic 
with respect to an invariant probability measure fi whose support co- 
incides with S. Then under the assumptions of Theorem for 
every continuous function f on S and every point s E S 



and the convergence is uniform in s G S (i.e. in the supremum norm 
on G{S)). 

Let us now formulate pointwise ergodic theorems for general actions 
of lattices. 



Theorem 1.10. Pointwise ergodic theorems for general lattice 
actions. Let G, Gt, F and {X,n) be as in Theorem \l. ?[ 



10 



ALEXANDER GORODNIK AND AMOS NEVO 



(1) Assume that the action induced to G is irreducible, and f3t (ii"e 
left-radial. Then the averages Xt satisfy the pointwise ergodic 
theorem in U\X), 1 < p < oo, namely for f G L^{X) and 
almost every x G X ; 

lim V f{l~^x) = I fdfx 

The same conclusion also holds when the induced action is re- 
ducible, provided Pt are standard radial, well-balanced and boundary- 
regular. 

(2) Retain the assumption of Theorem \1.1^ 2). Then the conver- 
gence of Xt to the ergodic mean is almost surely exponentially 
fast, namely for f G L^(X), 1 < p < oo and almost every 
X e X 




where (p is determined explicitly by the spectral gaps for the 
induced G-action (and the family Gt). 

Remark 1.11. (1) Note that if G is simple, then of course any action 
of G induced from an ergodic action of a lattice subgroup is 
irreducible. However, if G is not simple, then the induced action 
can be reducible and then the assumption that the averages 
are balanced is necessary in Theorem 11.10( 1). We assume in 
fact that they are standard radial, well-balanced and boundary- 
regular, as we will apply Theorem 11.2( 1) to the induced action. 

(2) Note further that if G is simple and has property T, then the 
assumption of strong spectral gap stated in Theorem 11.10( 2) 
is satisfied for every ergodic action of every lattice subgroup. 
Furthermore, in that case (p has an explicit positive lower bound 
depending on G and Gt only and independent of T and X. 

(3) It may be the case that whenever G/T has a strong spectral 
gap, so does every action of G induced from an ergodic action 
of the irreducible lattice T which has a spectral gap, but this 
problem also seems to be open. 

(4) As we shall see in §6.1, the possibility of utilizing the induced 
G-action to deduce information on pointwise convergence in the 
inducing F-action depends on the invariance principle stated in 
Theorem 11.31 for admissible averages on G. 

On the scope of the method. In light of remarks (1) and (2) above, 
let us explain the reason we avoided the (considerable) temptation to 
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retrict our attention to simple groups and their lattices. First, such a 
restriction rules out of course a solution to the lattice point counting 
problem even for such natural examples as S'L2(Z[\/2]), which is a 
lattice in S'L2(M) x 5*^2 (M). Second, even for certain lattices in the 
latter group, the existence of strong spectral gap in G/V is unknown 
(see §3.7). Thus when considering lattice points on product groups, 
whether the spectral gap is strong and the averages balanced or well- 
balanced become necessary considerations. 

Third, we have formulated our ergodic theorems for G also in the 
case of reducible actions, but this again is unavoidable. Indeed, the 
ergodic theorems for the lattices are proved by induction to G, and 
it is unknown when the resulting action is irreducible (it is when the 
F-action is mixing or isometric [St]). Finally, in order to handle such 
obvious examples as S'L2(Z[i]) (which is a lattice in S'L2(]R) x S'L2(Qp)) 
it is necessary to extend the theory to include S'-algebraic groups, a task 
we will take on below. 

Below we will give a complete analysis valid for 5'-algebraic groups 
and their lattices in all cases, but let us here demonstrate our results in 
a more concrete fashion, which shows, in particular, that sets F^ satisfy- 
ing all the assumptions required do exist. Indeed, let G be a connected 
semisimple Lie group with finite center and no compact factors. Let 
G/ K be its symmetric space and d the Riemannian distance associated 
with the Cartan-Killing form, and let Bt = {g & G ; d{gK,K) < t}, 
f3t be the Haar-uniform averages. Then Gt are admissible and well- 
balanced, and it has been established in [M] [N2] [MT] |MNS] that in 
every ergodic probability measure preserving action of G, the family jSt 
satisfies the pointwise ergodic theorem in L^, 1 < p < oo. Furthermore, 
if the action has a spectral gap, then the convergence to the ergodic 
mean is exponentially fast, as in Theorem 11.2( 2). 

Now let F C G be any lattice subgroup. Then the following result, 
announced in |N5l Thm. 14.4], holds. 

Theorem 1.12. Ergodic theorems for lattice points in Rie- 
mannian balls. Let G, Bt and F be as in the preceding paragraph, 
and Xt the uniform averages on F fl i?^. Then in every probability 
measure-preserving action of T, Xt satisfy the mean ergodic theorem in 
U , 1 < p < oo and the pointwise ergodic theorem in L^, 1 < p < oo. 
If the T -action has a spectral gap, then Xt satisfy the exponentially fast 
mean and pointwise ergodic theorem as in Theorem \1. 7( 2) and Theo- 
rem \l.l0i 2). Finally, Xt satisfy the equidistribution theorem w.r.t. an 
ergodic invariant probability measure of full support in every isometric 
action ofT. 
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As is clear from the statements of the foregoing theorems, the distinc- 
tion between actions with and without a spectral gap is fundamental in 
determining which ergodic theorems apply, and the two cases call for 
rather different methods of proof. Thus the results will be established 
according to the following scheme : 

(1) Ergodic theorems for general averages on semisimple S'-algebraic 
groups in the presence of a spectral gap. 

(2) Ergodic theorems for general averages on semisimple S'-algebraic 
groups in the absence of a spectral gap. 

(3) Stability of admissible averages on semisimple S'-algebraic groups, 
and an invariance principle for their ergodic actions. 

(4) Mean, maximal and pointwise Ergodic theorems for lattice sub- 
groups, in the absence of a spectral gap. 

(5) Exponentially fast pointwise ergodic theorem for lattice actions 
in the presence of a spectral gap. 

(6) Equidistribution for isometric lattice actions. 

As we shall see below, this scheme applies in a much wider context 
than that of semisimple S-algebraic groups. We will formulate it in 
§§5.2 and 6.2 below as a general recipe to derive ergodic theorems for 
actions of an Icsc group, and of a lattice subgroup F, provided certain 
natural spectral, geometric and regularity conditions are satisfied by 
the group G, the lattice F, and the sets Gt- 



Let us now consider some concrete examples and applications of the 
results stated above, and compare our results to some precedents in 
the literature. 

2.1. Hyperbolic lattice points problem. We begin by applying 
Theorem 11.51 to the classical lattice point counting problem in hyper- 
bolic space. Let us call a lattice subgroup F tempered if the spectrum 
of the representation of the isometry group in Lq(G'/F) is tempered. 

Corollary 2.1. Let H" be hyperbolic n-space taken with constant cur- 
vature — 1 and the resulting volume form. Let Bt be the Riemannian 
balls centered at a given point, and let F be any lattice. Then 



2. Examples and applications 



(1) 




provided \\nG/r{l3t) 



q{G/T) 
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(2) In particular, if T is tempered, then 

\TnBA 1 ^ f ( n-\ 

+ exp —t 



voi(5t) voi(e"/r) 'V V2(n + i) 

We remark that the bound stated above is actually better than 
that provided by Theorem ll.5[ as the error term here is given by 
9 / (dimG / K + 1) rather than 6'/(dimG' + 1). This is a consequence 
of the fact that we have taken here bi-i^'-invariant averages on G, so 
that the arguments used in the proof of Theorem 11.51 can be applied 
on G/K rather than G. The same bound holds for any choice of bi- 
i^- invariant admissible sets Gt- The spectral gap parameter is given 
hj 9 = ^{n — 1) in the tempered case, since the convolution norm of 
Pt on L'^{G) is dominated by vol(i?t)~^/^"^^ (see Remark IS.lOp . which 
is asymptotic to exp — t (^(n — 1) — e) (recall that vol Bt is asymptotic 
to c„e("-i)*). 

For comparison, the best existing bound for a tempered lattice in 
hyperbolic n-space {n > 2) is due to Selberg [Se] and Lax and Phillips 
|LP] . and is given by 

irn^.l 1 / rn-i 

Oe exp -t 



vol fit vol(G/r) "V \n + l 

The method developed in |LPj uses detailed estimates on solutions to 
the wave equation, and in [Se] the method uses refined properties of the 
spectral expansion associated with the Harish Chandra spherical trans- 
form. In particular these methods assume that Gt are bi-i^'-invariant 
sets. 

On the other hand, the estimate of Theorem 1 1 . 5 1 holds for any family 
of admissible sets Gt- Thus the following sample corollary seems to be 
new, even in the classical case of G = PS'L2(M) (or G = PSL2{C)). 

Define for 1 < r < oo, ||y4||,^ = (Z]jj=i'2ij ) ■. and ||v4||^ = max|aij|. 

Corollary 2.2. For any tempered finite- covolume Fuchsian group and 
for any 1 < r < oo, with the normalization vol(G/r) = 1 

\{ieT; h\l<T}\ _ / 
yo\{geSL,{R);\\gl<T} ^ + ^^'^1^ ^ 

In particular, this holds for T = PSL2{'L). 

2.2. Counting integral unimodular matrices. Let G = S'L„(M) 
n > 2 be the group of unimodular matrices, and P = SLnilj) the group 
of integral matrices. A natural choice of balls here are those defined 
by taking the defining representation and the rotation-invariant linear 
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norm on M„(M) given by (tr y4*y4)^/^. Let Bip denote the norm ball of 
radius T intersected with S'L„(M). Here the best result to date is due 
to |DRSj and is given by 

ITDB'J ( 1 , 



volfi^ 

Letting t = logT, the family Bt = B'^t is admissible. For our esti- 
mate, we need to bound 9, the rate of decay of ||vrGr/r(A) || i^i ^oiG/^)- 
For n = 2, 6 = 1/2 + e a.s noted above, since the representation is 
tempered. For n > 3, S'L„(]R) has property T, and we can simply use 
a bound valid for all of its represenetations simultaneously (provided 
only that they contain no invariant unit vectors). Note that in the 
case of Ll{SLn{R)/ SLn{Z)) this also happens to be the best possible 
estimate, since the spherical function with slowest decay does in fact 
occur in the spectrum. According to |DRS] , every non-constant spher- 
ical function on S'L„(]R) is in for p > 2(?2 — 1). This implies (see 
Theorem 15.41 below) that the matrix coefficients of vr have an estimate 
in terms of Sq^"' where 'Eq is the Harish Chandra function. Using 
the standard estimate for (see. e.g. |GVj and also Remark 15. lOp 

||vr(A)|| < (Co vol(5.)^V^+-) < Cexp (-t - e)) 

where the last estimate uses the fact that (see |DRSj ) 

yo\{B't) = vol {g G SLn{R) ; WgW^ <T} = c„T"'-" . 

Therefore we have the estimate 6 = n/2 — e, so that 6'/(dimG' + 
1) = (1 - e)/{2n) and e/{di mG/K + 1) = (1 - e)/{n + 1). Thus we 
recapture the bound given by [DRSj , for the case of balls defined by the 
Euclidean norm (tryl*A)^/^. This bound holds whenever the balls are 
bi-if-invariant. More generally, letting Ug denote the least even integer 
greater than n — 1, we have 

Corollary 2.3. For any family of admissible sets Bt C ^^^(IR), and 
in particular those defined by any norm on M„(M), and for any lattice 
subgroup T, the following bound holds: 

^^ = 1 + 0. (^o/(i?,)-i/(^«^-)+^) 

We note that the method of [DRSj utilizes the commutativity of 
the algebra of bi-i^-invariant measures on G. Extending this method 
beyond the case of bi-i^-invariant sets is in principle possible but would 
require further elaboration regarding the spectral analysis of i^T-finite 
functions. 
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Recently, F. Maucourant [Ma] has obtained a bound for the lattice 
point counting problem for certain simple groups and certain norms, 
subject to some constraints. Thus for the standard representation of 
S'L„(R), when n > 7 the error estimate obtained in [Ma] is l/(6n) + e 
which is weaker than the estimate above. That is the case also for 
3 < n < 6. The case n = 2 is not addressed in jMa] . 

2.3. Integral equivalence of general n-forms. 

2.3.1. Binary forms. Let us revisit the problem of integral equivalence 
of binary forms considered in |DRSj . Let Wn denote the vector space 
of binary forms of degree n > 3 



SL2{M.) acts on PV„(M) by acting linearly on the variables of the form, 
and when n > 3 the stability group of a generic form is finite. Two 
forms are in the same S'L2(M)-orbit iff they are equivalent under a linear 
substitution, and two forms are in the same 5'L2(Zi)-orbit iff they are 
integrally equivalent. Fix any norm on VF„(]R), one example being the 
norm considered in [DRS] 



The orbits of 5*172 (M) are closed, and for each orbit we can consider the 
lattice point counting problem, or equivalently, the problem of counting 
forms integrally equivalent to a given form. Thus fix some /o with finite 
stabilizer and non-zero discriminant, denote = {f f — r fo, \\f\\ < T}, 
and note that it has been established in [DRSj that when the level sets 
of the form /o are compact, vol(-B^) ~ cT^/". We further assume that 
the form satisfies fo{x,y) ^ for (x, ?/) 7^ (0,0). We then have the 
following corollary of Theorem 11.51 

Corollary 2.4. Notation being as above, the number of form integrally 
equivalent with fo of norm at most T is estimated by 



Indeed, the problem under consideration is simply that of counting 
the points ||t„(7)/o|| <T where 7 G S'L2(Z), for a particular choice of 
finite dimensional representation r„ of SL2(M.), and a particular choice 



Wn = {fix, y) = aox"" + aix" ^y + ■ ■ ■ + a„|/''} . 





|{/;/=z/o, 11/11 <T}| 

vol(S^) 



1 



l/(4n)+e 
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of norm on the representation space. Thus the corollary is an immedi- 
ate consequence of the fact that the sets Bt = B'^t are admissible (see 
the Appendix, §8.4) together with Corollary 12.31 and the fact that the 
representation of S'L2(M) on S'L2(M)/S'L2(Z) is tempered. 

We note that the existence of the limit was established in }DRSt 
Thm. 1.9]. The method of proof employed there can in principle also 
be made effective and produce some error estimate. 

2.3.2. Integral equivalence of forms in many variables. Our considera- 
tion are not limited to binary forms, and we can consider the problem 
of integral equivalence, as well as simultaneous integral equivalence, of 
ra-forms in any number of variables. Thus let Wn,k be the real vector 
space of all degree n forms in k variables. S'Lfc(M) admits a representa- 
tion an,k on Wn^ki by acting linearly on the variables. Fix any norm on 
Wn^k- As before, k^. denotes the least even integer greater than k — 1. 

Consider a form /o with compact stability group. Let us assume 
that /o(a;) 7^ for x 7^ 0, so that the projection of the vectors ufo onto 
the highest weight subspace of Wn,k never vanishes, as u ranges over 
a fixed maximal compact subgroup. Let B'rp denote the set of forms 
integrally equivalent to /o and of norm at most T. Then Bt = B'^t is an 
admissible family (see the Appendix §8.4, where a volume asymptotic is 
also established). Hence Corollary 12.31 applies and yields the following 

Corollary 2.5. Integral equivalence of forms in many variables. 

Notation and Assumptions being as in the preceding paragraph, we have 

\{f;f=zfo, \\f\\<T}\ 1 

vol(5^) |5t5L„(Z)(/o)| 

<C(£,n,A;,/o)vol(^?^)-l/(2'=''=^)+^ 

Now let /i, . . . , /iv be a fixed (but arbitrary) ordered basis of Wn,k 
{N = dimWn±). We can consider ordered bases f [,..., f'j^ which 
are integrally equivalent to it, namely fi =1 fl, 1 < i < N. Let 
B'rj. = {ge SLkiR) ; \\gfi\\ <T , 1 <i < N}. Then Bt = B'^t is in fact 
a family of norm balls and any such family is admissible (see the Ap- 
pendix) so we have, again from Corollary 12. 3^ the following 

Corollary 2.6. Simultaneous integral equivalence. Notation and 
assumption being as in the preceding paragraph, we have 

\{Ul■■■JN)■.n=I.uA\m<TA<^<N}\ ^ 

vol 5^ 

< C,vol(5^)-^/(2fc2fc,)+._ 
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2.4. Lattice points in S-algebraic groups. All of our results will 
in fact be formulated and proved in the context of ^-algebraic groups. 
Let us demonstrate them in the following simple motivation 
for the developments below. 

Let p be a prime, and consider = PS'L„(M) x PSLn{Qp) and 
the ^'-arithmetic lattice r„ = PS'L„(Z[i])). Take the norm on M„(M) 
whose square is tiA'^A, and its (well-defined) restriction to PS'L„(R). 
For A e PSLniQp) let \A\p = maxi<jj<„ laj^l^, where |a|p is the p- 
adic absolute value of a G Qp, normalized as usual by \p\p = -. If 
A e M„(Z), we write {A,p) = 1 if {aij,p) = 1 for some entry aij. 
Define the height function on Gn by H{A, B) = \\A\\ \B\p. 

Let Ct be of integral matrices with Euclidean norm bounded by T, 
and with det A a power of and {A,p) = 1, namely 

Ct= {AeMn{Z); ti A' A <T^, det A ep''^,{A,p) = 1} . 

Proposition 2.7. The family Ct satisfies 

The proposition is a consequence of Corollary 17.11 and the fact that 
the set Ct in question is in one-to-one correspondence with set of 
lattice points in balls Bt {t = logT) in G defined by the natural 
height function. Indeed, for y = {u,v) E G the height is H{y) = 

iu*u ■ |f Ip. Clearly if m G P5'L„(Z[^]) and 1^1^ = p'^ (where k > 0) 
then A = p^u G M„(Z), (A,p) = 1, and det A = /"detw G p^ . 
Also ||y4|| = IIp'^uII = p'^ = H{'^) where 7 = (m,m) G F, so 
that Ct maps bijectively with {7 G F ; H{j) < T} = F fl P^, where 
B'^ = {y&G;H{y)<T}. 

Now consider the basis of open sets at the identity in G given by 
Oe = Us y. /Cp, the product of Riemannian balls Us on PS'L„(]R) and 
the compact open neighbourhood 

}Cp = {ve PSLniQp) ; - /|p < 1 } . 

Defining Bt = B'^t, the family Bt is admissible w.r.t. to Os- This follows 
from Theorem 13 . 14( 4) . since the height is defined by a product of two 
norms. The unitary representation of Gn on Lq(G'„/F„) is strongly 
^2(n-i)+£^ and hence (since A are radial) ||7ro(A)|| < vol(Pt)-i/(2(n-i))+£ 
(see Remark 15.101) . A direct calculation of the volume of Bt shows that 
vol(Py) < CgT" and this gives the error term above. 

2.5. Examples of ergodic theorems for lattice actions. 
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2.5.1. Exponentially fast convergence on the n-torus. Fix a norm on 
M„(R"), and consider the corresponding norm-balls Gt C ^-^.^(R), 
and the averages on S'L„(Z) fl Gt 

The following result is a direct corollary of Theorem I1.10[ and the 
well-known fact that the action of SLn{1j) on T" admits a spectral gap. 

Corollary 2.8. Consider the action of SLn{1j) of (T",m), where m 
is Lehesgue measure. The averages \t satisfy for every f G Lp{X), 
1 < p < oo for almost every x & X 



>'tf{x) - / fdm 
where r]n > is explicit. 



T" 



<G,{f,x)e-^"' 



2.5.2. Exponentially fast convergence in the space of unimodular lat- 
tices. Let r be a lattice in a simple group H and t : H ^ SLni^) 
a rational representation with finite kernel. Then the averages on 
t{H) n Bt {Bt defined w.r.t. a norm on M„(]R)) converges exponen- 
tially fast to the ergodic mean, in any of the actions of F of 5'L„(R) / A, 
A a lattice subgroup. In particular letting A = 5'L„(Z), the homoge- 
neous space Cn = SLn{^)/ SLnC^) can be identified with the space of 
unimodular lattices in R". For such a lattice L G £„ let f{L) be the 
number of vectors in L whose length (w.r.t. the standard Euclidean 
norm) is at most one. Then for n > 2, / G L^{Cn), 1 < p < n and 
we let Kn = f{L)dm{L) denote the average number of vectors of 
length at most one in a unimodular lattice L. Note that by Siegel's 
formula Kn equals the volume of the unit ball in R". 

We can now appeal to Theorem 11.71 and Theorem 11.101 and apply 
them to the averages Xf. We conclude 

Corollary 2.9. Let n > 2 and 1 < p < n. Then for almost every 
unimodular lattice L E Cn, we have 

# {■, e r n i/, ; W(-,L n B,(0)) -.„\>5} ^ 



where C,p^n > zs explicit and depends on the spectral gap of the En- 
action on L'^{H/T X £„) and the admissible family Ht. 

2.5.3. Equidistribution and exponentially fast convergence. Let us con- 
sider now the case where the lattice F acts isometrically on a compact 
metric space, preserving a ergodic probability measure of full support. 
Two important families of examples are given by 

1) The action of F on any of its profinite completions, with the in- 
variant probability measure being Haar measure on the compact group. 
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In particular, this includes the congruence completion when T is arith- 
metic. 

2) The action of F on the unit sphere in or M", via a finite- 
dimensional unitary or orthogonal representation with a dense orbit on 
the unit sphere (when such exist). 

We note that combining Theorem 11.91 and Theorem 11.101 the follow- 
ing interesting phenomenon emerges. 

Corollary 2.10. Let T be a lattice subgroup in a connected almost 
simple non-compact Lie group with proeprty T. Let Gt be admissible 
and Xt the averages uniformly distributed on Gt r\ T . Then in every 
isometric action ofT on a compact metric space S , ergodic with respect 
to a probability measure m of full support, the following holds. For every 
continuous function f G G{S), Ai/(s) converges to fdm for every 
s & S , and converges exponentially fast to jg fdm for almost every 
s E S. The exponential rate of convergence depends only on Gt and G, 
and is independent of S and T. 

2.5.4. Ergodic theorems for free groups. Let us note some further er- 
godic theorems which follow from Theorem 11.101 

(1) The index 6 principal level 2 congruence group r(2) of 5'L2(Z) 
is a free group on two generators. Theorem 11.101 thus gives new 
ergodic theorems for arbitrary actions of free groups, where the 
averages are taken are uniformly distributed on say norm balls. 
If the free group action has a spectral gap, the convergence is 
exponentially fast. These averages are completely different than 
the averages w.r.t. a word metric on the free group discussed 
in [NO][Ng] . 

(2) Note that for the averages just described, the phenomenon of 
periodicity (see [NSj §10.5]) associated with the existence of 
the sign character of the free group does not arise : the limit is 
always the ergodic mean. 

Thus in particular Theorem 11.81 implies that for any norm on 
M2(M), norm balls become equidistributed among the cosets of 
any finite index subgroup of r(2) = F2, at an exponentially fast 
rate. 

(3) Similar comments also apply for example to the lattice F = 
PSL2{'L) = Z2 * Z3 C PS'L2(M) itself, and again the averages 
in question are different from the word-metric ones discussed 
in |N0]. Another family of examples are lattices in PGLslQp), 
to which our results stated in §4 apply. In particular this in- 
cludes the lattices acting simply transitively on the vertices of 
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the Bruhat-Tits building, generalizing |N5t Thm. 11.10] for 
these lattices. 



3. Definitions, preliminaries, and basic tools 

3.1. Maximal and exponential-maximal inequalities. Let G be 

a locally compact second countable (Icsc) group, with a left-invariant 
Haar measure rriG- Let {X,B,^) be a standard Borel space with a 
Borel measurable G-action preserving the probability measure fi. There 
is a natural isometric representation ttx of G on the spaces L^ifi), 
1 < p < CO, defined by 

To each finite Borel measure j3 on G, we associate the bounded linear 
operator 

(vrx (/?)/) (x) = / f{g-'x)dm 



acting on L^{fi). In particular, given an increasing sequence Gt, t > 0, 
of Borel subsets of positive finite measure of G, we consider the Borel 
probability measures 

A = 777T /" ^gd^cig), (3.1) 

and the operators vrx(A) are the Haar-uniform averages over the sets 
Gt. 

Definition 3.1. Maximal inequalities and ergodic theorems. 

Let z/j, if: > be a one-parameter family of absolutely continuous prob- 
ability measures on G such that the map t z/^ is continuous in the 
L^(G)-norm. The maximal function sup^^^^^ |7rx(^'t)/|, / € L°°(X) is 
then measurable. We define : 

(1) The family Vt satisfies the strong maximal inequality in (L^(/i), U 
p > r, if there exist to ^ and > such that for every 

/ e L^(/i), 



sup \TXx{l^t)f\ 
t>to 



< G 



p,r 



(2) The family ut satisfies the mean ergodic theorem in L^ifi) if for 
every / G ^^(/i). 



X 



as t — >• oo. 
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(3) The family z/j satisfies the pointwise ergodic theorem in L^^ix) if 
for every / e L^{lj), 



T^x{l^t)f{x) 



f d/j, as t — >• oo 



for yU-almost every x & X. 
(4) The family z/^ satisfies the exponentially fast mean ergodic theo- 
rem in {U'{iJ,), U^ii)), p > r, if there exist Cp^r > and 9p^r > 
such that for every / e L^ifJ-), 



X 



(5) The family ut satisfies exponential strong maximal inequality in 
{U'{lj), U'{^)),p > r, if there exist > 0, Cp^r > 0, and 9p^r > 
such that for every / e 



sup e^'^"''' 

t>to 



T^x{.i^t)f - I fdfi 

X 



p,r 



(6) The family i/f satisfies exponentially fast pointwise ergodic the- 
orem in p > r, a there exist to > 0, and 9p^r > 
such that for every / e Li^i/J'), 



'Kx{i't)f{x) - fd/j, 
Jx 



< Bp^r{x, f)e 



~tOn 



for /x-a.-e. x & X 



with the estimator Bp j.{x, f ) satisfying the norm estimate 

\\Bp,r{-J)\\Lr{^) < Cp^r\\f\\LP{n)- 

Remark 3.2. The main motivation to consider the exponential strong 
maximal inequality in {L^lfi), L^{fi)) is that it implies the exponentially 
fast pointwise ergodic theorem in (Lp(/x), L^(/x)), together with norm 
convergence to the ergodic mean, at an exponential rate. 

We recall, in comparison, that the ordinary strong maximal inequal- 
ity only implies pointwise convergence almost surely provided that we 
establish also the existence of a dense subspace where almost sure point- 
wise convergence holds. In addition, convergence in norm requires a 
separate further argument. 

Remark 3.3. If the mean ergodic theorem holds in L^^ji), using appoxi- 
mation by bounded functions and Holder inequality, one can deduce the 
mean ergodic theorem in (fi) for 1 < p' < p. Similarly, the strong 
maximal inequality (resp. the exponentially fast mean ergodic theorem, 
the exponential strong maximal inequality) in implies 
the strong maximal inequality (resp. exponentially fast mean ergodic 
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theorem, the exponential strong maximal inequality) in (L^' (fi), U' (fi)) 
for p' > p and 1 < r' < r. 

3.2. S-algebraic groups and upper local dimension. We now de- 
fine the class of S'-algebraic groups which will be our main focus. 

Definition 3.4. S'-algebraic groups. 

(1) Let F be a locally compact non-discrete field, and let G be 
the group of F-points of a semisimple linear algebraic group 
defined over F, with positive F-rank (namely containing an F- 
split torus of positive dimension over F) . We assume in addition 
that G is algebraically connected, and does not have non-trivial 
anisotropic (i.e. compact) algebraic factor groups defined over 
F. We will also assume, for simplicity, that G^ is of finite index 
in G (see Remark 14. 6p . 

(2) By an S'-algebraic group we mean any finite product of the 
groups described in (1). 

The unitary representation theory of S'-algebraic groups has a num- 
ber of useful features which we will use extensively below. Another 
property of S'-algebraic groups which is crucial for handling their lat- 
tice points is the finiteness of their upper local dimension, as defined by 
natural choices of neighborhood bases. Let us introduce the following 

Definition 3.5. For a family of neighborhoods {Os}o<£<i of e in an 
Icsc group G such that O^'s are symmetric, bounded, and increasing 
with e, we let 

def logmciOe) , . 

go = hmsup < oo. (3.2) 

Remark 3.6. (1) When M is a Riemannian manifold and are the 
balls w.r.t. the Riemannian metric, the condition mM{Oe) > 
CpSP, e > is equivalent to dim(M) < p. 
(2) When G is an S-algebraic group, we will always take Os to be 
the sets x Kq, where is the family of Riemannian balls in 
the Archimedean component of G (if it exists), and Kq a fixed 
compact open subgroup of the totally disconnected component 
of G. Thus the local dimension of Oe is the dimension of the 
Archimedean component. 

3.3. Admissible and coarsely admissible sets. We begin our dis- 
cussion of admissibility by introducing a coarse version of it, which will 
be useful in what follows. 
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Definition 3.7. Coarse admissibility. Let G be an Icsc group with 
left Haar measure mc- An increasing family of bounded Borel subsets 
Gt {t G M+ or t G of G will be called coarsely admissible if 

• For every bounded B C G, there exists c = cb > such that 
for all sufficiently large t, 

B-GfBc Gt+,. (3.3) 

• For every c > 0, there exists d > such that for all sufficiently 
large t, 

mG{Gt+c)<d-mG{Gt). (3.4) 

It will be important in our considerations later on that coarse admis- 
sibility implies at least a certain minimal amount of volume growth for 
our family Gt-, provided that the group is compactly generated. This 
property will play a role in the spectral estimates that will arise in the 
proofs of Theorem l4.2l and Theorem l4.3[ Thus let us note the following. 

Proposition 3.8. Coarse admissibility implies growth. When 
G is compactly generated, coarse admissiblity for an increasing family 
of bounded Borel subset Gt, t > 0, of G implies that for any bounded 
symmetric generating set S of G, there exist a = a{S) > 0, b = b{S) > 
such that S'" C Gan+b- 

Proof. Let be a compact symmetric generating set. Taking B to be 
a bounded open set containing the identity together with Gt^ U G^^, 
and applying condition fl3.3p we conclude that Gt^+c contains an open 
neighborhood of the identity. Then, assuming without loss of generality 
that e G 5 we have S C SGto+cS C Gj^. Applying condition (13.31) 
repeatedly, we conclude that 5" C Gtj+„ci and the required property 
follows. □ 

Remark 3.9. Sequences in totally disconnnected groups If G is 

totally disconnected, and K (Z G is a compact open subgroup, then 
G/K is a discrete countable metric space. If Gt <Z G, t E M+ is 
an increasing family of bounded sets, then their projections to G/K 
will yield only a sequence of distinct sets. Since it is the large scale 
behaviour of the sets that we are mostly interested in, it is natural to 
assume that in the totally disconnected case the family Gt is in fact 
countable, and we then parametrize it by Gt, t G This convention 
will greatly simplify our notation below. 

We now consider the following abstract notion of admissible families, 
which (as we shall see) generalizes the one introduced in §1. 

Definition 3.10. Admissible families. 
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(1) Admissible 1 -parameter families. Let G be an Icsc group, fix a 
family of neigliborlioods {O£}o<e<i of e in G such that C^'s are 
symmetric, bounded, and decreasing with e. 

An increasing 1-parameter family of bounded Borel subset 
Gt, t G M+, on an Icsc group G will be called admissible (w.r.t. 
to the family Os) if it is coarsely admissible and there exist 
c > 0, to > and Eq > such that for t >to and < e < Eq 

0,-GfO,C Gt+^, (3.5) 

mciGt+e) < {I + ce)-mG{Gt), (3.6) 

(2) Admissible sequences. An increasing sequence bounded Borel 
subset Gt, t E N+, on an Icsc totally disconnected group G will 
be called admissible if it is coarsely admissible, and there exists 
to > and a compact open subgroup Kq such that for t > to 

KoGtKo = Gt. (3.7) 

Let us note the following regarding admissibility. 

Remark 3.11. (1) When G is connected and (9^ are Riemannian 
balls every generates G, and so it is clear that admissibility of 
the 1-parameter family Gt implies coarse admissibility (and thus 
also the minimal growth condition). However this argument 
fails for S'-algebraic groups which have a totally disconnected 
simple component, and so we have required coarse admissibility 
explicitly in the definition. 
(2) Condition (13. 6p is of course equivalent to the function log mciGt) 
being uniformly locally Lipschitz continuous, for sufficiently 
large t. Furthermore, note that 



mG{Gt)xGt+, - mG{ Gt+e)XGt \ 
mciGt) ■ mciC 

2{mG{Gt+e)-mG{Gt)) 



llA+e - AIIli(g) = / 777T TF^ — ^ -drriG 

^ ' Jg mG{Gt) ■ mG{Gt+e) 



niGiGt+e) 

It follows that admissibility implies that the map t i-^ /3t is 
uniformly locally Lipschitz continuous as a map from [to, oo) to 
the Banach space L^{G). The converse also holds, provided we 
assume in addition that the ratio of mG{Gt+e) and rriGiGt) is 
uniformly bounded for t >to and e < Eq. 
(3) We note that we can relax the Lipschitz conditions in the defi- 
nition of admissibility to the corresponding Holder conditions. 
Such averages will be called Holder- admissible, and will be dis- 
cussed further below. 
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3.4. Absolute continuity, and examples of admissible averages. 

Admissible 1-parameter families posses a regularity property which will 
be crucial in the proof of ergodic theorems in the absence of a spectral 
gap, and thus in Theorem 14.21 and Theorem 14. 7[ 

To define the property, let us first note that a 1-parameter family Gt 
gives rise to the gauge |-| : G ^ M+ defined by [(^l = inf {s > ; G Gs}- 
If the family Gt satisfies the condition f\r>tGr = Gt for every t > to, 
then conversely the family Gt is determined by the gauge, namely 
Gt = {g E G ; \g\ < t} for t > to. Note that clearly admissibility im- 
plies that Cir^tGr can only differ from Gt by a set of measure zero. 
Clearly the resulting family is still admissible, and so we can and will 
assume from now on that Gt is indeed determined by its gauge. 

Proposition 3.12. Absolute continuity. An admissible 1-parameter 
family Gt (w.r.t. a basis Oe, < e < eo) on an lose group G has 
the following property. The map g ^ \g\ from G to R+ given by the 
associated gauge maps Haar measure on G to a measure on [to, oo) 
which is absolutely continuous with respect to linear Lebesgue measure. 

Proof. The measure r] induced on by the map g ^ \g\ is by defini- 
tion ?7( J) = mciig G G ; \g\ & J}), for any Borel set J C IR+. Assume 
that J C [to) ^i) and that £{J) = 0, namely J has linear Lebesgue mea- 
sure zero, and let us show that ri{J) = 0. Indeed, for any k > there 
exists a covering of J by a sequence of intervals /j, with Yl'i^i ^(-^«) < ^■ 
Subdividing the intervals if necessary, we can assume that < eo- 
By fl3.6p . for all e < eo and t G [to, ti) 

r]{{t, t + e]) = mciig ; t < \g\ < t + e}) = mciGt+e) - nidGt) 
< cemciGt) < cmG(Gt J£((t, t + e]) . 
Denoting cmciGt^) by C, we see that 

oo oo 

ri{J)<Y.v{h)<CY,m<C>^ 

1=1 i=l 

and since k is arbitrary it follows that ri{J) = and thus rj is absolutely 
continuous w.r.t. i. □ 

Let us now verify the first assertion made regarding admissibility in 
§1. The second assertion is discussed immediately below and the third 
is proved in Lemma I5.24[ 

Proposition 3.13. When G is a connected Lie group and are the 
balls defined by a left-invariant Riemannian metric, admissibility is 
independent of the Riemannian metric chosen to define it (but the con- 
stant c may change). 
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Proof. We will verify that (13. 5p is still satisfied, possibly with another 
constant c (but keeping Eq and to the same) if we choose another Rie- 
mannian metric. Fix such a Riemannian metric and denote its balls 
by O'^. First note that it suffices to verify (13. 5p for all e < a where a is 
any positive constant. Indeed then for t > to a^^d e < a 

Here we have used the property (O')" = O'^^ which is valid for invariant 
Riemannian metrics. It follows that O'^GtO'^ C Gt+de holds for all 
< £ < eo- 

Now note that it is possible to choose a > small enough so that 
for e < a there exists a fixed m independent of e such that 

This fact follows by applying the exponential map in a sufficiently small 
ball in the Lie algebra of G, and using the fact that any two norms on 
the Lie algebra are equivalent. It then follows that for e < a, t > to 

as required, with c' = mc. 

□ 

Admissible averages exist in abundance on 5'-algebraic groups. We 
refer to §8.1 in the Appendix for a proof of the following result. 

Theorem 3.14. For an S-algebraic group G = G{1) ■ ■ ■ G{N) as in 
Definition \3.4\ the following families of sets Gt C G are admissible, 
where ai are any positive constants. 

(1) Let S consist of infinite places, and let G{i) be a closed subgroup 
of the isometry group of a symmetric space Xi of nonpositive 
curvature equipped with the Cartan-Killing metric. Forui,Vi G 
Xi, define 

Gt = {{gi, • • • , fl'Ar) : ^ aidi{ui, Qi ■ Vi) < t}. 

i 

(2) Let S consist of infinite places, and let pi : G{i) GL(Vi) be 
proper rational representations. For norms \\ ■ \\i on End(Vi), 
define 

Gt = {{gi, ■■■,gN) ■ ^ciilog \\piigi)\\i < t}. 

i 

(3) For infinite places , letXi be the symmetric space ofG{i) equipped 
with the Cartan- Killing distance di, and for finite places, let X^ 
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be the Bruhat-Tits building ofG{i) equipped with the path metric 
di on its 1-skeleton. For Ui G Xi, define 

Gt = {{gi, . . . , fi-Af) : ^ aidi{ui, Qi ■ Ui) < t}. 

i 

(4) Let Pi : G{i) — GL(Vi) be proper representations, rational over 
the fields of definition Fi. For infinite places, let \\ ■ \\i be a 
Euclidean norm on End{Vi), and assume that pi{G{i)) is self- 
adjoint : pi{G{i)Y = pi{G{i)). For finite places, let \\ ■ ||j be the 
ma.x-norm on End(V^). Define 

Gt = {{gi,...,gN) ■■ log \\pi{g^) I, < t}. 

i 

An important class of families are those defined by height functions 
on S'-algebraic groups. In Theorem 18. 191 (Appendix. §8.5) will establish 
the following 

Theorem 3.15. Heights are Holder-admissible. For an S- algebraic 



group G = G{1) ■ ■ ■G'(A^) as in Definition [gi^l pi : G{i) GL{Vi) 
be proper representations , rational over the fields of definition Fi. For 
infinite places, let \\ ■ \\i be any Euclidean norm on End(Vj). For finite 
places, let \\ ■ be the max-norm on End(Vi). Define (for any positive 
constants ai) 

Gt = {{gi, ■■■,gN) ■■ ^fljlog llp^s-Olli < 0- 

i 

Then Gt are Holder- admissible. 

3.5. Balanced and well-balanced families on product groups. 

In any discussion of ergodic theorems for averages on a product 
group G = Gi X G2, it is necessary to discuss the behaviour of the two 
projections z// and to the factor groups. Indeed, consider the case 
where one of these projections, say u}, assigns a fixed fraction of its 
measure to a bounded set for all t. Then choosing an ergodic action 
of Gi, we can view it as an ergodic action of the product in which 
G2 acts trivially, and it is clear that the ergodic theorems will fail for 
i>t in this action. Thus it is necessary to require one of the following 
two conditions. Either the projections of the averages to the non- 
compact factors do not assign a fixed fraction of their measure to a 
bounded set, or alternatively that the action is irreducible, namely ev- 
ery non-compact factor acts ergodically. This unavoidable assumption 
is reflected in the following definitions. 

Definition 3.16. balanced and well-balanced averages. 
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Let G=Hi ■ ■ ■ Hn be an almost direct product of non-compact 
compactly generated subgroups. For a set / of indices / C [1, A^], let 
J denote its complement, and Hj = Yliei increasing 
family of sets contained in G. 

(1) Of will be called balanced if for every / satisfying 1 < |/| < A^, 
and every compact set Q contained in Hj 

hm — — = . 

i^oo mG[Gt) 

(2) An admissible family Gt will be called well-balanced if there 
exists a > and r] > such that for all / satisfying 1 < | J| < A^ 

mciGan n Hj ■ SJ) ^ (J^-r,n 
mciGan) ~ 

where Si is a compact generating set of Hj, consisting of prod- 
ucts of compact generating sets of its component groups. 

The condition of being well-balanced is independent of the choices 
of compact generating sets in the component groups, but the various 
constants may change. An explicit sufficient condition for a family of 
sets Gt defined by a norm on a semisimple Lie group to be well-balanced 
is given in §7.3. In addition, we note the following important natural 
examples of admissible well-balanced families of averages, and state an 
estimate on their boundary measures which will play an important role 
in the proof of Theorem 14.21 A complete proof of Theorem 13.171 will 
be given in the Appendix. 

Theorem 3.17. Let G = G{1) ■ ■ ■G(A^) be an S-algebraic group and 
ii denote the standard C AT {Q) -metric on either the symmetric space 
Xi or the Bruhat-Tits building Xi associated to G{i). For p > 1 and 
Ui & Xi, define 

Gt = {(C/1,...,C/7V) : J2^^^'^^^3^Uif < tP}. 

i 

Let m be a Haar measure G. 

(i) There exist a,l3 > such that for every nontrivial projection 
■K-.G^L, 

m{GtniT-\L^t))<^e-^'-mt{Gt), 

namely the averages are well balanced. 

(ii) // G has at least one Archimedian factor, then the family Gt is 
admissible, and writing m = rrit dt where rrit is a measure 
supported on dGt, the following estimate holds : 
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TT : G 




namely the averages are boundary-regular. 

Let us introduce the following definition : 

Definition 3.18. Standard radial averages. Let G be an S'-algebraic 
group as in Definition 13.41 and represent G as a product G = Gi - ■ ■ Gn 
of its simple components. We will refer to any of the families defined 
in Theorem 13. 14^ Theorem 18.191 and Theorem 13.171 as standard radial 
averages. 

If the family satisfies in addition the estimate in Theorem 13.171 (ii) 
it will be called boundary-regular. 

3.6. Roughly radial and quasi-uniform sets. We now define sev- 
eral other stability properties for families of sets Gt that will be useful 
in the arguments below. 

Definition 3.19. Quasi-uniform families. An increasing 1-parameter 
family of bounded Borel subset Gt, t > 0, of G will be called quasi- 
uniform if it satisfies the following two conditions. 

• Quasi- uniform local stability. For every e > 0, there exists a 
neighborhood (9 of e in G such that for all sufficiently large t, 



• Quasi-uniform continuity. For every 5 > 0, there exist e > 
such that for all sufficiently large t, 



Note that (13. 9p is equivalent to the function log mG(Gt) being quasi- 
uniformly continuous in t, and implies that t ^ (3t is quasi-uniformly 
continuous in the L^(G)-norm. If the ratio of mc^Gt+e) and mciGt) is 
uniformly bounded for < £ < the converse holds as well. 

An important ingredient in our analysis below will be the existence 
of a radial structure on the groups under consideration. Thus let G be 
an Icsc group, and K a compact subgroup. Sets which are bi-invariant 
under translations by K will be used in order to dominate sets which 
are not necessarily bi-ii"- invariant. 

In particular, we shall utilize special bi-i^-invariant sets, called ample 
sets, which play a key role in the ergodic theorems proved in |N4] , which 
we will use below. We recall the definitions. 



O-GtCG, 



t+e- 



(3.8) 



mciGt+s) < {l + S)-mG{Gt), 



(3.9) 
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Definition 3.20. Roughly radial sets and ample sets. Let K C G 

be a fixed compact subgroup, O a fixed neighbourhood of e G G, and 
C, D positive constants. 

(1) i? C G is called left radial (or more precisely i^'-radial) if it 
satisfies KB = B, where K is of finite index in a maximal 
compact subgroup of G. 

(2) |N3] A measurable set 5 C G of positive finite measure will be 
called roughly radial (or more precisely {K, G)-radial) provided 
that mciKBR) < CmciB). 

(3) (see [N4j ) A measurable set -B C G of positive finite measure is 
called ample (or more precisely {O, D, ii')-ample) if it satisfies 
mciKOBK) < DniciB). 

To illustrate the definition of ampleness, consider first the case where 
G is a connected semisimple Lie group. We can fix a maximal compact 
subgroup K of G, and consider the symmetric space S = G/K, with 
the distance h derived from the Riemannian metric associated with the 
Killing form. Ampleness can be equivalently defined as follows. For 
a if-invariant set B G G/K, consider the r-neighborhood of B in the 
symmetric space, given by 

Ur{B) = {gK G G/K; h{gK,B) < r} . 

Then B is (O^, K)-ample iff mG/x(f/r(5)) < DmG/K{B), where Or 
is the lift to G of a ball of radius r and center K in G/K. 

The following simple facts are obvious from the definition, but since 
they will be used below we record them for completeness. 

Proposition 3.21. Any family of coarsely admissible sets on an Icsc 
group is {K, G) -radial for some finite G and a (good) maximal compact 
subgroup K , as well as (O, D, K)-ample, for some neighborhood O and 
D>0. 

Proof. By definition of coarse admissibility, for the compact set K there 
exists c > with K-GfK C Gt+c- Therefore mG^KGtK) < drndGt), 
so that the family Gt is {K, (i)-radial. The fact that Gt are ample sets 
is proved in the same way. □ 

Let us note that when G is totally disconnected, and there exists a 
compact open subgroup Q G satisfying QGtQ = Gt for all t > to, 
then Gt are {K, G)-radial. Indeed Q is of finite index in a good maximal 
compact subgroup K. Denoting the index by A^, we have 

KGtK = uZ=ikiQGtQk, c U^j^.hGtk, . 
It follows that niciKGtK) < N^mciGt) and Gt is {K, N^)-Tadial. 
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3.7. Spectral gap and strong spectral gap. We recall the defini- 
tion of spectral gaps, as follows. 

Definition 3.22. Spectral gaps. 

(1) A strongly continuous unitary representation vr of an Icsc group 
G is said to have a spectral gap if ||vr(/x)|| < 1, for some (or 
equivalently, all) absolutely continuous symmetric probability 
measure /z whose support generates G as a group. 

(2) Equivalently, tt has a spectral gap if the Hilbert space does not 
admit an asymptotically-G-invariant sequence of unit vectors, 
namely a sequence satisfying lim„_^oo ||7r(5')t'„ — = uni- 
formly on compact sets in G. 

(3) A measure preserving action of G on a a-finite measure space 
(X, m) is said to have a spectral gap if the unitary representa- 
tion TT^ of G in the space orthogonal to the space of G-invariant 
functions has a spectral gap. Thus in the case of an ergodic 
probability-preserving action, the representation in question is 
on the space L'^{X) of function of zero integral. 

(4) An Icsc group G is said to have property T |Kaj provided every 
strongly continuous unitary representation which does not have 
G-invariant unit vectors has a spectral gap. 

If G = G1G2 is a (almost) direct product group, and there does 
not exists a sequence on unit vectors which is asymptotically invariant 
under every (yf G G, it may still be the case that there exists such a 
sequence asymptotically invariant under the elements of a subgroup of 
G, for example Gi or G2. It is thus natural to introduce the following 

Definition 3.23. Strong spectral gaps. Let G = Gi---Gn be 

an almost direct product of N Icsc subgroups. A strongly continuous 
unitary representation vr of G has a strong spectral gap (w.r.t. the given 
decomposition) if the restriction of vr to every almost direct factor Gi 
has a spectral gap. 

Remark 3.24. (1) Let Gi = G2 = ^i^2(K), G = Gi x G2 and vr = 
TTi ® 7r2, where tti has a spectral gap and 712 does not (but 
has no invariant unit vectors). It is possible to construct two 
admissible families Gt and G[ on G, such that ||7r(/9i)|| < Ge~^*, 
but ||vr(/5(')|| > 6 > 0. For example, Gt can be taken as the 
inverse images of the families of balls of radius t in H x H, w.r.t. 
the Cartan-Killing metric. For a construction of GJ, one can use 
(in the obvious way) the non-balanced averages constructed in 
§7.2. 
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(2) In order to obtain conclusions which assert that the mean, 
maximal or pointwise theorem hold for with an exponen- 
tial rate, it is of course necessary that in the representation 
Tlx Ll{X,fi) Pt have the exponential decay property, namely 

< C'e-^*, ^ > 0. In Theorem EH] we will give suffi- 
cient conditions for the latter property to hold. 

(3) Consider the special case X = G/T, where G is a semisimple 
Lie group and F a lattice subgroup. It is a standard corollary 
of the theory of elliptic operators on compact manifolds that if 
r is co-compact, then the (positive) Laplacian A on G/T has a 
spectral gap above zero, namely ||exp(— A)|| < 1. It then follows 
that the G-action on LqIG/T) has a spectral gap. It was shown 
that the same holds for any lattice, including non-uniform ones 
(see [BG] and [Bi Lem. 3]). 

(4) When F is a uniform lattice, it has been established in |KMt 
Thm 1.12] that LqIG/T) has a strong spectral gap. Never- 
theless, whether G/T always has this property is still an open 
problem, even for irreducible lattices in 5/72 (M) x 5*272 (M) , which 
are arithmetic by Margulis's theorem. 

This motivated the formulation of our results in a way which 
makes the dependence on the strong spectral gap explicit, namely 
this assumption is required only for averages which are not well- 
balanced. 

4. Statement of results : general S-algebraic groups 

4.1. Ergodic theorems for admissible sets. Let us now formulate 
the two basic ergodic theorems for actions of the group G which we 
will prove in the following section. As usual, it is the maximal and 
exponential-maximal inequalities that will serve as our main technical 
tool in the proof of the ergodic theorems. The maximal inequalities 
will also be essential later on in establishing the connection between 
the averages on the group and those on the lattice. We will need the 
following 

Definition 4.1. Weak mixing. A measure-preserving action of G on 
(X, fi) is called 

(1) weak-mixing if the unitary representation in Lq{X) does not 
contain non-trivial finite-dimensional subrepresentations. 

(2) totally weak-mixing if for every non-trivial normal subgroup, 
the only finite dimensional subrepresentation it admits is the 
trivial one (possibly with multiplicity greater than one), or 
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equivalently, if in the space orthogonal to its invariants no finite- 
dimensional subrepresentations occur. 
(3) We will apply these notions below also to arbitrary unitary 
representations. 

We will use below the notation and terminology established in §1 
and §3. In the absence of a spectral gap, we have : 

Theorem 4.2. Let G be an S-algebraic group as in Definition \3.4 
Let {X,fi) be a totally weak-mixing action of G, and let {Gt} be a 
coarsely admissible 1-parameter family, or sequence. Then the averages 
(3t satisfy the strong maximal inequality in [L^, L^) for p > r > 1, 
{p,r) 7^ (1,1), Furthermore, if the G-action is irreducible, (3t satisfy, 

(1) the mean ergodic theorem in forp > 1, 

(2) the pointwise ergodic theorem in forp > 1, provided Gt are 
admissible and left-radial. 

The conclusions still hold when the action is reducible, provided that j3t 
are left-radial and balanced (for the mean theorem) or standard radial, 
well balanced and boundary-regular (for the pointwise theorem). 

We note that by Theorem 13.171 many natural radial averages do in- 
deed satisfy all the conditions required in Theorem 14. 2[ In the presence 
of a spectral gap, we have 

Theorem 4.3. Let G be an S-algebraic group as in Definition \3.4 
Let {X, n) be a totally weak-mixing action of G on a probability space. 
Let Gt be a Holder admissible 1-parameter family, or an admissible 
sequence when S consists of finite places. Assume that either the rep- 
resentation of G on Lq{X) has a strong spectral gap, or that it has a 
spectral gap and the family Gt is well-balanced. Then the averages (3t 
satisfy 

(1) the exponential mean ergodic theorem in {L^, L^) forp > r > 1, 
{p,r)j^ (1,1), 

(2) the exponential strong maximal inequality in [L^, L^) for p > 
r > 1. 

(3) the exponentially fast pointwise ergodic theorem in [L^, L^) for 
p > r > 1. 

By Theorem 13.141 andTheorem 13.171 Holder-admissible well-balanced 
families do exist in great abundance. 

Let us note the following regarding the necessity of the assumptions 
in Theorem 14.21 and Theorem 14.31 



Remark 4.4. On the exponential decay of operator norms. 
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(1) When G is a product of simple groups but is not simple, the as- 
sumption that Gt is balanced in Theorem 14. 21 and well-balanced 
in Theorem 14.31 is obviously necessary in both cases. In the first 
case, we can simply take an ergodic action of G = Gi x G2 
which is trivial on one factor. In the second, we can take an 
ergodic action with a spectral gap for G, but such that one of 
the factors admits an asymptotically invariant sequence of unit 
vectors of zero integral. 

(2) In general, it will be seen below that the only property needed to 
prove Theorem 14.31 for a 1-parameter Holder-admissible family 
acting in Lq(X), is the exponential decay of the operator norms: 
||7r^(/9i)|| < Ge^^*. It will be proved in Theorem 15.111 below 
that this estimate holds for totally weakly mixing actions under 
the strong spectral gap assumption, or when the action has a 
spectral gap and the averages are well-balanced. 

(3) We note that for averages given in explicit geometric form, ex- 
ponential decay of the operator norms ||vr^(A)|| can often be 
established directly, see e.g. [N3t Thm. 6]. The exponentially 
fast mean ergodic theorem for averages on G holds in much 
greater generality and does not requite admissibility. This fact 
is very useful in the solution of lattice point counting problems. 
We refer to |GN] for a full discussion and further applications. 

(4) Similarly, the radiality assumptions in Theorem 14.21 is made 
specifically in order to estimate certain spectral expressions that 
arise in the proof of the pointwise ergodic theorem, see remark 
I3.2U[ At issue is the estimate of ||7r(c}/3t)||, where djSt is a singu- 
lar probability measure supported on the boundary of Gt- We 
establish the required estimate for left-radial admissible aver- 
ages in irreducible actions, or for standard radial well-balanced 
averages in reducible actions. This accounts for the statement 
of Theorem 14. 2[ 

Remark 4.5. Weak mixing. 

(1) The assumption of weak-mixing of G is necessary in Theorem 
14.21 and in Theorem 14. 3^ even for simple algebraic groups. In- 
deed, it suffices to consider G = PGL2{Qp), and note that it 
admits a continuous character X2 onto Z2 = {±1}. It is easily 
seen that for the natural radial averages (3n on G (projecting 
onto the balls on the Bruhat-Tits tree), the sequence X2{Pn) 
does not converge at all. X2{P2n) does in fact converge, but not 
to the ergodic mean. Thus in general, the limiting value, if it 
exists, of T{Pt) (or subsequences thereof) in finite dimensional 
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representations r must be incorporated explicitly into the for- 
mulation of the ergodic theorems for G. We refer to [N5[ §10.5] 
for a fuller discussion. 

Furthermore, note that obviously the ergodic action of G on 
the two-point space G/ ker X2 has a spectral gap, so weak mixing 
is essential also in Theorem 14.31 even for simple algebraic groups. 
(2) Alternatively, another formulation of Theorem 14.21 for simple 
algebraic groups (in L^, say) is that convergence to the er- 
godic mean (namely zero) holds for an arbitrary ergodic action, 
when we consider the functions in the orthogonal complement of 
the space spanned by all finite-dimensional subrepresentations. 
The complete picture requires evaluating the limits of T{(3t) for 
finite-dimensional non-trivial representations r (if they exist !). 

Similarly, in Theorem 14.31 if in fact ||T(/5t)|| < Cexp(— ^t) for 
finite dimensional non-trivial r, we obtain the same conclusion. 

Remark 4.6. The group G^ . 

(1) Consider an algebraic group G defined over a local field F which 
is F-isotropic, almost simple and algebraically connected as in 
Definition 13.41 Then G contains a canonical co-compact nor- 
mal subgroup denoted G'*', which can be defined as the group 
generated by the unipotent radicals of a pair of opposite mini- 
mal parabolic F-subgroups of G (see e.g. [M, §§1.5, 2.3] for a 
discussion) . 

We recall that if F = C, then G+ = G, and when F = R, 
G^ is the connected component of the identity in the Hausdorff 
topology (which is of finite index in G). When the characteristic 
of F is zero, [G : G^] < oo. We note that it is often the case 
that G = G^ even in the totally disconnected case. Thus when 
G is simply connected and almost F-simple then G~^ = G, and 
this includes for example the groups S'L„(F) and Sp2n{F) (see 
e.g. m §§1-4, 2.3]). 

(2) A key property of G^ is that it does not admit any proper finite 
index subgroup (see e.g. [Ml Cor. 1.5.7]). As a result, it fol- 
lows that G~^ does not admit any non-trivial finite-dimensional 
unitary representations. Put otherwise, an irreducible unitary 
representation of G is finite-dimensional if and only if it admit 
a G^-invariant unit vector. In particular, every ergodic action 
of G~^ is weakly mixing, and if it is irreducible, each component 
is weak-mixing. 

(3) We note the following fact : when [G : G^] < oo clearly every 
irreducible non-trivial unitary representation of G~^ appears as a 
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subrepresentation of the representation of G obtained from it by 
induction. The induced representation has no G^-invariant unit 
vectors, and hence its matrix coefficients satisfy the estimates 
that irreducible infinite-dimensional unitary representations of 
G without G"*"-invariant unit vectors satisfy. In particular, the 
/T-finite matrix coefficients are in U'{G^) (see Theorem 15.61) . 

4.2. Ergodic theorems for lattice subgroups. Theorems 14.31 and 
4.21 will be used to derive corresponding results for arbitrary measure- 
preserving actions of lattice subgroups of G, provided that G does not 
admit non-trivial finite-dimensional unitary representation r. This con- 
dition is necessary, and without it the formulation of ergodic theorems 
for the lattice must take into account the possible limiting values of 
r(At), as noted in Remark [4.51 Thus we will formulate our results for 
lattices F contained in G"*", since G^ does have the desired property. 
When G is a Lie group, this amounts just to assuming the lattice is 
contained in the connnected component in the Hausdorff topology. In 
general, F fl G^ is a subgroup of finite index in F, since F is finitely 
generated and every finitely generated subgroup of G/G'^ is finite. 
In the absence of a spectral gap, we will prove the following : 



Theorem 4.7. Let G he an S -algebraic group, as in Definition 3.4, and 
let r be a lattice subgroup contained in G^ . Let Gt be an admissible 
1-parameter family (or an admissible sequence) in G^ and Vt = FflGj. 
Let {X, n) be an arbitrary ergodic probability measure-preserving action 
of F. Then the averages Xt satisfy the strong maximal inequality in 
{L^jU) for p > r >1, {p,r) ^ (1, 1). // the action induced to G'^ is 
irreducible, Xt also satisfies 

(1) the mean ergodic theorem in L^ forp > 1, 

(2) the pointwise ergodic theorem in L^ for p > 1, assuming in 
addition that Gt are left-radial. 

The same conclusions hold when the induced action is reducible, pro- 
vided the family Gt is left-radial and balanced (for the mean theorem) or 
standard radial, well-balanced and boundary-regular (for the pointwise 
theorem). 

In the presence of a spectral gap, we will prove the following : 



Theorem 4.8. Let G be an S -algebraic group as in Definition \3.4\ and 



T be a lattice contained in G^ . Let {Gt}t>o be a Holder- admissible 1- 
parameter family (or an admissible sequence) in G^ , and Tt = F fl Gj. 
Let {X,fi) be an arbitrary probability measure-preserving action ofT. 
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Assume that either the representation of induced by the represen- 
tation ofT on L'^{X) has a strong spectral gap, or that it has a spectral 
gap and the family Gt is well-balanced. Then \t satisfy 

(1) the exponential mean ergodic theorem in {L^, U') forp > r > 1, 



(2) the strong exponential maximal inequality in (L^, for p > 



(3) the exponentially fast pointwise ergodic theorem : for every f G 
LP{X), 1 < p < oo and almost every x & X 



where (p > and Br{f, ■) G L''{X), r < p. 

Remark 4.9. (1) Regarding the assumptions of Theorem 14.71 we 
note that the action of G~^ induced from the F-action is indeed 
often (but perhaps not always) irreducible. In addition to the 
obvious case where G is simple, irreducibility holds (at least for 
groups over fields of zero characteristic) whenever the lattice is 
irreducible and the F-action is mixing [Stl Cor. 3.8]. Another 
important case where it holds is when the lattice is irreducible 
and the F-action is via a dense emedding in a compact group 
[5t| Thm. 2. 1] , or more generally when the F-action is isometric. 
(2) Regarding the assumptions of Theorem 14. 8[ we note that the 
unitary representation of G induced from the unitary represen- 
tation of F on L'^{X) always has a spectral gap provided the 
F-action on (X, /x) does, and it often (but perhaps not always) 
has a strong spectral gap. Indeed, by [Ml Ch. Ill, Prop. 1.11] 
if the Icsc group G has a spectral gap in Lq(G'/F) and the F- 
representation on Ll{X) has a spectral gap, then so does the 
representation induced to G. The existence of a spectral gap in 
Lq(G/F) has long been established for all lattices in S'-algebraic 
groups. Thus when the sets Gt are well-balanced and left-radial, 
the conclusions of Theorem 14.81 hold provided only that the ac- 
tion of F on (X, /i) has a spectral gap. If the induced action is 
irreducible and G has property T, then the induced represen- 
tation has a strong spectral gap and any admissible family Gt 
will do. 

Natural radial averages which satisfy all the required properties and 
thus also the ergodic theorems exist in abundance. To be concrete, let 
us concentrate on one family of examples, and generalize Theorem 1 1.1 21 
to the S'-algebraic context. 



(p,r)^(l,l) 



r > 1 
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Let G be an S'-algebraic group as in Definition 13.41 and ^ denote the 
standard CAT (O)-metric on the symmetric space X or the Bruhat-Tits 
building X (or their product) associated to G. Let F C G be a lattice 
subgroup, Ft = n r, and Aj the uniform averages on F^. 

Theorem 4.10. Notation being as in the preceding paragraph, the av- 
erages Xt satisfy the mean, maximal and pointwise ergodic theorems 
in every ergodic action o/F (as in Theorem |-^. 7| j. If the action has a 
spectral gap, then At satisfy the exponentially fast mean, maximal and 
pointwise ergodic theorems (as in Theorem 4-8\ ). 



In addition, in every isometric action ofV on a compact metric space, 
preserving an ergodic probability measure of full support, the averages 
Xt become equidistributed (as in Theorem \6.14\ )- 

Theorem 14.101 is an immediate consequence of Theorem I3.17[ Theo- 
rem U]71 Theorem 14.81 and Theorem 16.141 

We note, however, that the arguments in the Appendix employed 
to prove Theorem 13.171 apply whenever certain growth and regularity 
conditions are met, and so Theorem I4.1UI can in fact be extended to 
more general families of averages. 

5. Proof of ergodic theorems for G-actions 

Our purpose in this section is to prove the ergodic theorems for ad- 
missible averages on G stated in Theorem 14 . 3 1 and Theorem 14.21 Clearly 
we have to distinguish two cases, namely whether the action of G on X 
has a spectral gap or not. The arguments that will be employed below 
in these two cases are quite different, but both use spectral theory in a 
material way. We will begin by recalling the relevant facts from spectral 
theory. Since we would like to consider all S'-algebraic groups, we will 
work in the generality of groups admitting an Iwasawa decomposition, 
which we proceed to define. This set-up will have the added advantage 
that it incorporates a large class of subgroups of groups of automor- 
phism of products of Bruhat-Tits buildings. This class contains more 
than all semisimple algebraic groups and S'-algebraic groups and is of 
considerable interest. 

5.1. Iwasawa groups and spectral estimates. Let us begin by 
defining the class of groups to be considered. 

Definition 5.1. Groups with an Iwasawa decomposition. 

(1) An Icsc group G has an Iwasawa decomposition if it has two 
closed amenable subgroups K and P, with K compact and 
G = KP. 
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(2) The Harish Chandra S-function associated with the Iwasawa 
decomposition G = KP of the unimodular group G is given by 



where 6 is the left modular function of P, extended to a left-i^- 
invariant function on G = KP. (Thus if mp is left Haar mea- 
sure on P, 6{p)mp is right invariant, and dmc = dmxS{p)dmp). 

Convention. The definition of an Iwawasa group involves a choice 
of a compact subgroup and an amenable subgroup. When G is the 
-F-rational points of a semisimple algebraic group defined over a locally 
compact non-discrete field F, G admits an Iwasawa decomposition, and 
we can and will always choose below i^' to be a good maximal com- 
pact subgroup, and P a corresponding minimal F-parabolic group. This 
choice will be naturally extended in the obvious way to S-algebraic 
groups. 

Spectral estimates. Iwasawa groups possess a compact subgroup 
admitting an amenable complement, and so it is natural to consider 
the decomposition of a representation of G to /^-isotypic subspace. In 
general let G be an Icsc group, K a compact subgroup, and vr : G — » 
U (H) be a strongly continuous unitary representation, where U (H) is 
the unitary group of the Hilbert space H. 

Definition 5.2. K-finite vectors and strongly L^-representations. 

(1) A vector f G is called iiT-finite (or 7r(i^)-finite) if its orbit 
under 7r{K) spans a finite dimensional space. 

(2) The unitary representation cr of G is weakly contained in the 
unitary representation vr if for every F G L^{G) the estimate 
||o"(-^)|| ^ ll^(-^)ll holds. Clearly, if a strongly contained in vr 
(namely equivalent to a subrepresentation), then it is weakly 
contained in vr. 

(3) vr is called strongly is there exists a dense subspace J' C H, 
such that the matrix coefficients {TT{g)v,w) belong to L^{G), 
for v,w E J'. 

We recall the following spectral estimates, which will play an impor- 
tant role below. 

Theorem 5.3. Tensor powers and norm estimates. 

(1) [CHHl Thm. 1] // vr is strongly F^^^ for all e > then it is 
weakly contained in the regular representation Xq- 
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(2) [Coj jH] (see |HT] for a simple proof) If is strongly W , and n 
is an integer satisfying n >p/2, then vr®" is strongly contained 
in oo ■ \g- 

(3) [N3t Thm 1.1, Prop. 3.7] If n is strongly L^, and is an even 

integer satisfying Ue > p/2, then ||7r(/i)|| < ||AG(/i)||"^^""' for 
every probability measure fi on G. If the probability measures 
fi and fi' satisfy /i < Cfi' as measures on G, then ||7r(yu)|| < 

C"||Ac(/x')|^/"^ 

We begin by stating the following basic spectral estimates for Iwa- 
sawa groups, which are straightforward generalizations of [CHH] . 

Theorem 5.4. Let G = KP be a unimodular Icsc group with an Iwa- 
sawa decomposition, and vr a strongly continuous unitary representation 
of G. Let V and w be two K -finite vectors, and denote the dimensions 
of their spans under K by and dw Then the following estimates 
hold, where E is the Harish Chandra E-function. 

(1) If 7T is weakly contained in the regular representation, then 

\{TT{g)v,w)\ < \/d \\v\\ \\w\\ E{g) . 

(2) Ifn is strongly for all e > 0, then 

\{TT{g)v,w)\ < \/dydn, \\v\\ \\w\\ E{g)^ . 

Proof. Part (1) is stated in [CHHl Thm. 2] for semisimple algebraic 
groups, but the same proof applies for any unimodular Iwasawa group. 

Part (2) is stated in [CHHJ for irreducible representations of semisim- 
ple algebraic groups, but the same proof applies to an arbitrary repre- 
sentation of unimodular Iwasawa groups, since it reduces to (1) after 
taking a fc-fold tensor product. □ 

Remark 5.5. (1) The quality of the estimate in Theorem 15.41 de- 
pends of course on the structure of G. For example, if P is 
normal in G (so that G is itself amenable) then P is unimod- 
ular if G is. Then 6{g) = 1 for g E G and the estimate is 
trivial. 

(2) In the other direction. Theorem 15.41 will be most useful when 
the Harish Chandra function is indeed in some L^((j), p < oo, 
so that Theorem 15.31 applies. 

(3) For semisimple algebraic groups the S-function is in fact in 

all £ > 0, a well-known result due to Harish Chandra 
[HCT]jHC2]jHC3] . 

(4) When S is in some L'^, q < oo. Theorem 15.4( 1) implies that 
any representation a tensor power of which is weakly contained 
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in the regular representation is strongly for some p. This 
assertion uses of course also the density of i^-finite vectors, 
which is a consequence of the Peter- Weyl theorem. 

We remark that according to Theorem 15.3( 3). it is possible to bound 
the operator norm of a given measure by that of its radialization. Thus 
in particular for a Haar-uniform probability measures on a {K, C)- 
radial set the norm is bounded in terms of the Haar-uniform probability 
measure on its radialization. 

We now state the following result, which summarizes a number of 
results due to |Co] [HMj |BWj . in a form convenient for our purposes. 

Theorem 5.6. Lf-representations p)]jHM]jBW] . 

Let F he an locally compact non-discrete field. Let G denote the F- 
rational point of an algebraically connected semisimple algebraic group 
which is almost F-simple. Let tt be a unitary representation of G. 
without non-trivial finite-dimensional G-invariant subspaces (or equiv- 
alently without G^ -invariant unit vectors) 

(1) // the F-rank of G is at least 2 then it is strongly L^, for some 
fixed p < oo depending only on G. 

(2) If the F-rank of G is 1, then any unitary representation it ad- 
mitting a spectral gap (equivalently, which does not contain an 
asymptotically invariant sequence of unit vectors) is strongly 

for some p = p(vr) < oo. In particular, every irreducible 
infinite- dimensional representation has this property. 

Proof. When tt is irreducible, both parts are stated in [Co( Thms. 2.4.2, 
2.5.2] in the Archimedian case, and in |HMl Thm. 5.6] in general 
(based on the theory of leading exponents in |BWj ). The passage to 
general unitary representations with a spectral gap via a direct integral 
argument presents no difficulty. □ 

We remark that an explicit estimate of the relevant exponent p is 
given by [Li] [LZj in the Archimedian case, and by [Oh] , in general. The 
pointwise bounds for /T- finite matrix coefficients developed in [CHHj . 
jH] . |HT] and in the general cae in [Oht §5.7], imply the bound stated 
in Theorem 15.4( 2). showing that the matrix coefficients are indeed in 
LP{G), where p depend only on G. 

Note that any faithful unitary representation of an S'-algebraic group 
(as in Definition 13.41) with property T is strongly L^. 

5.2. Ergodic theorems in the presence of a spectral gap. When 
a spectral gap is present, a strong exponential maximal inequality holds 
for general Holder families of probability measures Uf on G. For a proof 
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we refer to [MNSj and |N3] . where the relation between the rate of 
exponential decay and the parameters p and r below is fully explicated. 

Theorem 5.7. Exponential maximal inequality in the presence 
of a spectral gap[N3, Thm. 4]. Let G he an lose group, and assume 
that the family of probability measures Ut, is uniformly locally Holder 
continuous in the total variation norm, namely \\i^t+e ~ ^t\\ < Ce"", for 
all t > to and < e < Eq. Assume also that it is roughly monotone, 
namely ft < CT^[t]+i, where C is fixed. 

(1) Assume thatTT\{vt) have exponentially decaying norms in Lq(X). 
Then the strong exponential maximal inequality in [L^, U) holds 
in any probability-measure-preserving action ofG, and thus also 
the exponential pointwise ergodic theorem holds in {L^,L^), for 
any p > r > 1. 

(2) In particular, if the representation tt^ on is strongly L^, and 
Vt have exponentially decaying norms as convolution operators 
on LF'{G), then the previous conclusion holds. 

Remark 5.8. For future reference, let us recall the following simple 
observation, noted already in [N3t Thm. 2]. For any sequence of aver- 
ages the exponential- maximal inequality in {L^,L^), 1 < p < cxd is 
an immediate consequence of the exponential decay condition on the 
norms ||7r^(z^t) || • So is the exponentially fast pointwise ergodic the- 
orem, and both follow simply by considering the bounded operator 
Yl'^=o^"^^^'^'^xi^ri) on Lq{X), and then using Riesz-Thorin interpola- 
tion. 

The next step is to establish the exponential decay conditions on 
the norms, when the averages are admissible. Note that according to 
Theorem 15.3( 3). it is possible to bound the operator norm of (say) 
a given Haar-uniform probablity measures on a {K, C)-radial and in 
terms of its radialization. We formulate this fact as follows. 

Proposition 5.9. Radialization estimate. Let G = KP be an Icsc 
unimodular Iwasawa group and it a strongly -representation. Let B 
be a set of positive finite measure and {3 = xb/ vo\{B). 

(1) IfB IS bi-K -invariant, then ||A(/3)|| = J^EGig)dmG{g) . 

(2) IfB IS a {K,C) -radial set and B = KBK, then 




provided is even and > p/2. 
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Both statments hold of course for every absolutely continuous {K,C)- 
radial probability measure (with the obvious definition of {K,C) -radial 
measures). 

Proof. Let us first recall the following estimate from [CHH] . dual to 
C. Herz majorization principle. The spectral norm of the convolution 
operator \g{F) on L'^iG) is estimated by : 

1/2 



\>^g{F)\\< 



G 



J J \F{kgk')\'^dkdk'^ ^{9)dg 



for any measurable function F on G for which the right hand side is 
finite. 

Now consider a set B which is {K, C)-radial. Clearly a comparison of 
the convolutions with the normalized probability measures immediately 
gives 

\\^om<^^^^\\>^c(xKs.)\\. 

Utilizing the previous inequality for the bi-i^'-invariant measure j3 uni- 
formly distributed on KBK, we clearly obtain 

||Ag(/3)||< 5: / E{g)dmG{g). 
Yo\{KBK) Jkbk 

The equality in (1) for bi-i^-invariant sets B follows from the fact 
that since P is amenable, The representation of G on G/P induced 
from the trivial representation of P is weakly contained in the regular 
representation of G. S is a diagonal matrix coefficient of the latter 

representation, by definition, so that ^^^^ f^EG{g)dmG{g) < A(/3) 

Now by definition of weak containment, the same inequality ho 
also for unitary representations vr which are weakly contained in the 
regular representation. Taking tensor powers and using Theorem 15. 3^ 
we obtain a norm bound for ||vr(/5)|| in L^-representations as well. □ 

Remark 5.10. Bounding spectral norms using the Kunze-Stein 
phenomenon. 

To complement the latter result let us recall, as noted in \N3[ Thm. 
3,4], that it is also possible to estimate the operator norm of general 
(not necessarily {K, C)-radial) averages using the Kunze-Stein phenom- 
enon, provided the representation is strongly L^, p < oo. 

1) Indeed, for the spectral norm, namely when / G Cc{G) and 
P = Xb/^g{B) {B a bounded set), we have by the Kunze-Stein phe- 
nomenon, provided 1 < p < 2 

\\P*f\\mG)<Cp\\f3h,^G) UWlhg)- 
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Taking p = 2 — and / ranging over functions of unit L^(G')-norm, we 
conclude that 

2) If the representation vr satisfies vr®"''^ <Z oo-\g (e.g. if it is strongly 
and He is even with > p/2) then by part 1) and Theorem 15.3( 3) 

(see also [Ml Thm. 4]) 7r{P) < C,mG(5)-i/(2"<=)+^ 

3) It follows from (2) that if jSt is a family of Haar-uniform averages 
on the sets Gt, and ti®""" C oo ■ Xq, then the rate of volume growth of 
Gt determines the largest parameter 9 satisfying ||vr(/3f)|| < A^e^'^'^'^^^ 
(for every e > 0) as follows : 

1 11 
9 = liminf--log||7r(/3t)|| = - — limsup - logmG(5t) . 

We now turn to establishing the necessary decay estimates for the 
norms of the operators vr(/3t), for admissible families Gt- 

Theorem 5.11. Exponential decay of operator norms. Let G be 



S -algebraic as in Definition 3.4. and let a be totally weak-mixing uni- 
tary representation of G. Let Gt be a coarsely admissible 1-parameter 
family or sequence. Assume that a has a strong spectral gap, or that 
it has a spectral gap and Gt are well-balanced. Then for some C and 
5 = 5o- > depending on a and Gt, 

\\o{m<Ce-''. 

Proof. We have already shown in Proposition 13.211 that coarsely ad- 
missible families are {K, C)-radial, and so let us use Proposition 15.91 
If the representation a happens to be strongly L^, then denoting the 
radializations by Gt = KGtK, the norm of cr{l3t) is estimated by 



wm\<c' 



mciGt 



where rig > p/2 is even and is the Harish Chandra S-function. 

Recall that coarsely admissible sets satisfy the minimal growth con- 
dition S*" C Gan+b- It follows of course that their radializations satisfy 
5" C Ga'n+b'^ for ^ compact bi-i^'-invariant generating set S. The 
standard estimates of '^cid) (see |HClj . |HC2j . [Hn3] ) now imply that 
||(j(/5t)|| decays exponentially. 

Now the assumption that the representation is strongly L^ is satisfied 
when the representation is totally weak mixing and has a strong spec- 
tral gap. Indeed this follows immediately from Theorem 15.61 noting 
that (almost) every irreducible representation appearing in the direct 
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integral decomposition of a w.r.t. a simple subgroup must infinite di- 
mensional. 

We note that the strong spectral gap assumption is necessary here. 
Indeed, consider the tensor product of an irreducible principal series 
representation of G = PSL2{Qp) and a weak mixing representation 
of G which admits an asyptotically invariant sequence of unit vectors. 
Then a has a spectral gap (as a representation oi G x G) and is totally 
weak mixing but is not strongly for any finite p. 

To handle the case where a totally weak mixing but is not strongly 
L^, let us recall that we now assume Gt are well-balanced, and also 
coarsely admissible. It follows that the radialized sets Gt are also 
well-balanced. Indeed, since Gt C KGtK C Gt+c for every coarsely 
admissible family, clearly also (refering to Definition 13.160 Gt H HjQ C 
KGtK nHjQ C Gt+c^HjQ for every compact subset Q of Hj. Taking 
if: = an, Q = and using that Gt are well-balanced, the claim follows. 
Now, if a is the representation conjugate to a, then for any probability 
measure u on G and every vector u we have 

\\a{i')u\f = (alu* * u)u,u) < / \{a{g)u,u)\d{i'* * i'){g) 

Jg 

< (^Jj{aig)u,u)fdiu**u) 

1 /2 

= ((cr (g) (j(z/* * z/)(n (g) -u), M (g) u)) ' < ||cr eg) (7(z/)(n ^ u)\\ . 

Hence it suffices to prove that ||cr ® (t(/5j)|| decays exponentially. But 
note that the diagonal matrix coefficients which we are now considering 
are all non-negative. Thus for each vector u, and every {K, C)-radial 
measure z/, using Jensen's inequality and the previous argument 

II 11^ = (cr(z/* * i>)u, u)"^ < \{a ® a{v* * v){u ® u) ,u ® u)\ 

< (cr (g) * ®u),u(S)u) = \\a a{i>){u u)\f . 

We conclude that if the norm of a^a{j3t) decays exponentially, so does 
the norm of (j{(3t). Now if a has a spectral gap, and is totally weak- 
mixing, then a ® a has the same properties. This claim follows from 
Theorem 15.61 and Theorem 15. 4[ Indeed if an asymptotically invariant 
sequence of unit vectors exists in a (g a, then there is also such a se- 
quence which consists of if-invariant vectors, so that we can restrict 
attention to the spherical spectrum. But a sequence consisting of con- 
vex sums of products of normalized positive definite spherical functions 
cannot converge to 1 uniformly on compact sets unless the individual 
spherical functions that occur in them have the same property, and this 
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contradicts the spectral gap assumption on a. Total weak-mixing fol- 
lows from a direct integral decomposition and the fact that the tensor 
product of two irreducible infinite-dimensional unitary representations 
of an simple group do not have finite-dimensional subrepresentations. 

Thus we are reduced to establishing the norm decay of a hi-K- 
invariant coarsely admissible family in a totally weak-mixing unitary 
representation with a spectral gap, which we continue to denote by a. 

To estimate the norm of cr(/3f) under these conditions write G = 
Gi X G2 where Gi has property T and G2 is a product of groups of 
split rank one. Any irreducible unitary representation of G is a tensor 
product of irreducible unitary representations of Gi and 6*2- Since (3t 
are bi-.ft'-invariant measure, we can clearly restrict our attention to 
infinite-dimensional spherical representations, namely those containing 
a i^-invariant unit vector, and then estimate the matrix coefficient 
given by the spherical function. The non-constant spherical functions 
(Ps{g) on G are given by ipsi{gi)ip 82(92), where at least one of the factors 
is non-constant. If ^Psiidi) is non-constant, then again it is a multiple 
of spherical function on the simple components of Gi, one of which is 
non-constant. fsi{gi) is then bounded, according to Theorem 15.41 and 
Theorem 15.61 by the function ^ : gi t-^ 'E.G/H{PG/H{gi)Y^^ for some 
fixed n depending only on Gi, where G/H is one of the simple factors 
of Gi and Pg/h the projection onto it. Using the standard estimate 
of the S-function, together with our assumption that the Gt are well- 
balanced, we conclude that for r/i > depending only on Gi and Gt 



Now, if ^Psiigi) is constant, then the representation of G in question 
is trivial on Gi and factors to a non-trivial irreducible representation 
of G2- The spherical functions of the complementary series on a split 
rank one group are the only ones we need to consider, and they have 
a simple parametrization as a subset of an interval. We can take to be 
say [0, 1], where corresponds to the Harish Chandra function and 1 
to the constant function. The function ips2{g2) is a product of spherical 
functions on the real rank factors. The assumption that the original 
representation a = has a spectral gap implies that for some 6 > 0, 
the parameter of at least one factor is outside [1 — 6,1]. The bound 
6 depends only on the original representation a and is uniform over 
the representations of G2 that occur. It is then easily seen using the 
estimate of the S-function in the split rank one case and the fact that 
Gt are well-balanced, that (ps{g) also satisfies the foregoing estimate, 
for some •)][ > 0. This gives a uniform bound over all irreducible unitary 
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spherical representations of G that are weakly contained in cr, and it 



follows that 



T^xi^t) < Ce'''^ where = r/(a) > 0. □ 



Proof of Theorem \4-3\ 

We now check that the assumption of Theorem 15.71 are satisfied for 
the 1-parameter families of averages and the representations under con- 
sideration. Clearly, admissible families are also roughly monotone, and 
are uniformly locally Lipschitz continuous in the (G')-norm, as noted 
already in l3.11( 2). Furthermore, coarsely admissible (and in particular, 
admissible) families satisfy the exponential decay condition in Lq{X) in 
the representation under consideration, in view of Theorem 15. Ill Thus 
the exponentially fast mean, pointwise and maximal ergodic theorems 
holds for 1-parameter admissible families. 

Finally, the case of sequence of admissible averages does not require 
an appeal to Theorem 15. just to the remark following it, as well as to 
Theorem 15.111 

This concludes the proof of all parts of Theorem 14. 3[ □ 

Remark 5.12. Holder families. Clearly Theorem 14.31 remains valid 
with the same proof provided that Gt satisy, for some < a < 1 the 
following Holder condition : 

mG{Gt+e)<{l + ce'')-mG{Gt) (5.1) 

rather than the Lipshitz condition above. 

Furthermore, we can also weaken condition 03.51) in the definition of 
admissibility by the Holder condition 

a ■ ■ a c Gt+ce^ . (5.2) 

The Holder assumptions are sufficient also for the proof of Theorem 
14.81 as well as parts (4) and (5) of Theorem 16. 31 and part (4) of Theorem 
W. 



5.3. Ergodic theorems in the absence of a spectral gap, I. We 

now turn to the proof of Theorem 14. 21 and consider actions which do not 
necessarily admit a spectral gap. We start by proving the strong max- 
imal inequality for admissible families (and some more general ones), 
and in the section that follows we establish pointwise convergence (to 
the ergodic mean) on a dense subspace. In the course of that discussion 
the mean ergodic theorem, namely norm convergence (to the ergodic 
mean) on a dense subspace will be apparent. As is well-known these 
three ingredients suffice to prove Theorem 14.21 completely (see e.g. |N5] 
for a full discussion). 
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5.3.1. The maximal inequality. Consider a family /?t of probability mea- 
sures on G, where I3t is the Haar-uniform average on G^, and Gt are 
coarsely admissible. As noted in Proposition 13.211 coarse admissibility 
implies that Gt are a family of {K, C)-radial sets, with C fixed and in- 
dependent of t. As before, we denote by (3t the Haar uniform averages 
of the sets Gt = KGtK, and again note that Pt < GPt as measures on 
G. Hence for / > we have almost surely 

f;{x) = snpnxmfix) < C sup 7rx(A)/(a:) = Cn{x) , 

t>to t>to 

so that it suffices to prove the maximal inequalities for the averages (3f 
Furthermore, if Gt is coarsely admissible then clearly so are the sets 
Gt = KGtK. 

Recall now that that coarse admissibility implies {Or, -D)-ampleness 
for some constants {r,D), as noted in Proposition 13.211 

Thus the maximal inequality for jSt follows from the following 

Theorem 5.13. Maximal inequality for ample sets (see [N4[ Thm 
3]^. Let G be an S-algebraic group as in Definition \!^.4\ and let K 
be of finite index in a maximal compact subgroup. Let {X, fi) be a 
totally weak-mixing probability measure preserving action of G. For 
set E G G of positive finite measure, let ve denote the Haar-uniform 
average supported on E. Fix positive constants r > and D > 1, and 
consider the maximal operator 

A*f{x) = sup {|7rx(^'£;)/(a;)| : E C G and E is {Or, D, K)- ample } . 
Then A*f satisfies the maximal inequality (1 < p < (yo) 
\\A*f\\^,^^^<B,{G,r,D,K) ||/||^.(^). 

Proof. Theorem 15.131 is proved in full for connected semisimple Lie 
groups with finite center in |N4] . The same proof applies to our present 
more general context without essential changes, as we now briefiy note. 
First, if G is a totally disconnected almost simple algebraically con- 
nected non-compact algebraic group with property T, the analog of 
[N4[ Thm. 2], namely the exponential-maximal inequality for the cube 
averages defined there follows from the exponential decay of the norm 
of the sequence (in this case) of cube averages. The exponential decay 
in the space orthogonal to the invariants is assured by our assumption 
that the action is totally weak-mixing, which implies that Theorem 
15.61 and Theorem 15.41 can be applied. Then standard estimate of the 
S-function yield the desired conclusion for the cube averages. 

Second, for groups of split rank one the maximal inequality for the 
sphere averages is established in |NS] when the Bruhat-Tits tree has 
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even valency, and the same method gives the general case (using the 
description of the spherical function given e.g. in [NO]). The fact that 
the maximal inequality for cube averages holds on product groups if 
it holds for the components is completely elementary, as in |N4l §2]. 
Finally, the fact that the maximal inequality for cube averages implies 
the maximal inequality for ample set in a given group depends only on 
analysis of the volume density associated with the Cartan decomposi- 
tion and thus only on the root system, and the argument in |N4l §4] 
generalizes without difficulty. 

This establishes the maximal inequality for every S'-algebraic group 
as in Definition 13. 4[ □ 

5.4. Ergodic theorems in the absence of a spectral gap, II. 

5.4.1. Pointwise convergence on a dense suhspace. In the present sub- 
section we will make crucial use of the absolute continuity property 
established for admissible 1-parameter of averages in Proposition 13.121 
This property implies that t ^— is almost surely differentiable (in t, 
and w.r.t. the L^(G)-norm) with globally bounded derivative. 

When f3t are the Haar uniform averages on an increasing family of 
compact sets Gf, Almost sure differentiabilty is equivalent with the 
almost sure existence of the limit 



and for admissible families the limit is uniformly bounded as a function 
of t. The almost sure differentiability will allows us to make use of a 
certain Sobolev-type argument developed originally in |Nlj . 

The uniform local Lipshitz continuity for the averages is a somewhat 
stronger property than uniform local Holder continuity, which was the 
underlying condition in the case where the action has a spectral gap. 
However, the Lipshitz condition allows us to dispense with the assump- 
tion of exponential decay of ||7r^(A)||. 

We note however that the (ordinary) strong L^-maximal inequality 
holds for much more general averages, namely under the sole conditions 
that Gt are [K, C)-radial and their radializations are (0^, -D)-ample 
averages on an S'-algebraic group. It is only pointwise convergence on 
a dense subspace that requires the additional regularity assumption 
of almost sure differentiability, which follows from the uniform local 
Lipshitz condition. 

Finally, we remark that the argument we give below is based solely 
on the spectral estimates described in the previous sections. Thus it 
is does not require extensive considerations related to classification of 
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ImciGt+e) -mGiGt) 




50 



ALEXANDER GORODNIK AND AMOS NEVO 



unitary representations, and applies to all semisimple algebraic groups 
(and other Iwasawa groups). 

Let (G, mc) denote an Icsc group G with a left Haar measure. Let 
Nt, t & M_i_ be an admissible family. Then Nf is an increasing family 
of bounded sets of positive measure, satisfying, without loss of gener- 
ality Nt = HsytNg. Let g ^— \g\ be the gauge \g\ = mi {s ; g E Ns}. 
This condition implies that Nt are determined by their gauge via Nt = 
{g E G ; \g\ < t}. Thus the gauge is a measurable proper function with 
values in M+. Define Ut, t E M+ to be the one-parameter family of 
probability measures with compact supports on G, absolutely con- 
tinuous w.r.t. Haar measure, whose density is given by the function 
mJ{Nt) ^^t{9)- The map 1 1— > z/^ is a uniformly locally Lipshitz function 
from ]R+ to L\G), w.r.t. the norm topology, by assumption. 

We let St = {g ; \g\ = t}, and clearly Nt = IJo<s<t ^ disjoint 
union. The map g H-i> \g\ projects Haar measure on G onto a measure on 
]R_i_, which is absolutely continuous measure w.r.t. Lebesgue measure on 
]R+ , by Proposition I3.12[ The measure disintegration formula gives the 
representation mo = rrirdr, where rur is a measure on Sr, defined 
for almost all r. Thus we can write for any F G Cc{G) 



Here dur = mr/mr{Sr) is a probability measure on Sr (for almost ev- 
ery r), and the density iptir) is given by ipti^) = ^r{Sr) / iTiG{Nt) . Here 
iptir) is a measurable function, defined almost surely w.r.t. Lebesgue 
measure on R_|_, and is almost surely positive for r < t. For any given 
continuous function F G Cc{G), Vti^F) is an absolutely continuous func- 
tion on ]R_|_, given by integration against the L^-density di'r{F)ilJt{r) 
(which is almost everywhere defined). In particular, t't(-F) is differ- 
entiable almost everywhere, and its derivative is given, almost every- 
where, as follows 

Proposition 5.14. Assume Nt give rise to an absolutely continuous 
measure on ]R_|_, as above. Then for almost all t : 





d 
It 



miSt) 

mciNt) 



{dvt - vt) (F) 



Proof. We compute : 
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1 \' f' 1 

mrdr + — — - ■ TTit 



moiNt); Jo moiNt) 
mam' Jo mam 



rrirdr H TTTrdi't 

mG{N 



moiNt) 

We have used that mG{Nt)' = mt{St) for almost all t, which is a con- 
sequence of the Lebesgue differentiation theorem on the real line. □ 

Let us note that when a uniform local Lipschitz condition is satisfied 

by logmaiNt), namely when mG{Nt+£) < (1 + ce)mG{Nt) for < e < 
1/2, and all t > 1, it results in a uniform estimate of the ratio of the 
"area of the sphere" (i.e. St) to the "volume of the ball" (i.e. Nt). 
Thus we have : 

Corollary 5.15. Assume that Nt is an admissible 1 -parameter family. 
Then 

mG{Nt+e)-mG{Nt) _ j'^' mriSr)dr 

rriGiNt) mciNt) 
so that for almost all t we have the uniform hound 

mt{St) 1 T '■'^^ 



< ce 



1 

lim - / mr(Sr)dr<c 
6^0 e Jt 



rriGiNt) TJiGiNt) 

The existence of the derivative almost everywhere of t't(-F) imply, 
in particular, that for every F e C{G), and for every t > s > 0, the 
following identities hold : 

i^tiF) = ^''r{F)dr and Ut{F) - u,(F) = ^/r{F)dr . 

It follows that corresponding equalities hold between the underlying 
(signed) measures on G, namely 

ut = / —Urdr = / — — [diyr - i^r) dr . 

Jo dr Jo mG[Nr) 

Thus the derivative J://^ is a multiple of the difference between two 
probability measures on G (for almost every r). Every bounded mea- 
sure on G naturally gives rise to a bounded operator on the represen- 
tation space. We can thus conclude the following relations between the 
corresponding operators defined in any G-action. 
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Corollary 5.16. Differentiable vectors. 

(1) For any strongly continuous unitary representation, and any 
vector u & Ti, r ^ 'k{i'^)u is almost surely differentiable in 
r (strongly, namely in the norm topology), and the following 
holds: Tiiutju = ^7i{i'r)udr and 7i{ut)u—Ti{i's)u = -£7r(u,.)udr . 

(2) Consider a measurable G-action on a standard Borel probability 
space, and a function u{x) e Lp{X), 1 < p < oo for which 
g (-^ u{g^^x) is continuous in g for almost every x G X. Then 
the expression : Ti{ut)u{x) = j^u{g~^x)dvt{g) is differentiable 
in t for almost every x & X and almost every r G M^, and the 
following almost sure identities hold : 

-n{ut)u{x) = / —7i{h'r)u{x)dr 



dr 



and 



d 



TiiuAuix) — Ti{vs)uix) = / —T:{vr)uix)dr . 

Js dr 

Remark 5.17. Note that in Corollary 15.16( 2). the space of vectors u 
satisfying the assumptions is norm dense in the corresponding Banach 
space. Indeed, the subspace contains Cc{G) * L°°{X) which is clearly 
norm dense in L^{X). 

Our spectral approach uses direct integral decomposition for the rep- 
resentation of G in L^(X), and we thus assume that G is a group of 
type 1. As is well-known, this assumption satisfied by all S-algebraic 
groups. We note further that typically, for an Iwasawa group G = KP, 
K is large in G, namely in every irreducible representation tt of G, the 
space of [K, r)-isotypic vectors in TYtt is finite dimensional for every 
irreducible representation r of K. Again, this property holds for every 
S'-algebraic group. 

5.5. Ergodic theorems in the absence of a spectral gap, III. 

We can now state the following convergence theorem for admissible 
families of averages. 

Theorem 5.18. Pointwise convergence on a dense subspace for 
admissible families. Let G be an Icsc group of type I, K a compact 
subgroup. Let vt be an admissible family of averages on G. 

Consider a K-finite vector u in the r-isotypic component under K , 
in an irreducible infinite- dimensional unitary representation vr of G (we 
do not assume t is irreducible) . Assume that for every such vr there 
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exists 6 = 6n > and a positive constant Ct,{t, 6) (both independent of 
u), such that 

POO 

/ e^' (|k(z/,)M|| + WnidurMf dr < C^{t, 5) \\uf . 

J to 

Then in any measure-preserving weak-mixing action of G on {X, /x) 
there exist closed subspaces Tir.s C Lq{X) where 7r(z/f)/(x) — > almost 
surely for f G Tir.s- The convergence is of course also in the Li^-norm. 
Furthermore the union 

is dense in Lq{X). 

Proof. Our proof of Theorem 15.181 is divided into two parts, as follows. 
1) First part of proof : Direct integrals. 

Any unitary representation vr is of the form vr = J^^^ 7izdE{z), 

where C G is the spectrum of the representation, and E the corre- 
sponding (projection valued) measure. Furthermore the Hilbert space 
of the representation admits a direct integral decomposition Tij^ = 
IzeT, T^zdE{z). In particular, any vector u ^ Ti can be identified 
with a measurable section of the family {Ti^ ; z G S^}, namely u = 
/^gs '^zdE{z), where G Tiz for .E-almost all z G Clearly, u 

belongs to the r-isotypic component of tt if and only if vr^ belongs to 
the r-isotypic of vr^ for ii^-almost all z. To see this note that u is char- 
acterized by the equation u = 7r(x^)M, where Xr is the character of the 
representation r on K, namely as being in the range of a self-adjoint 
projection operator. The projection operator commutes with all the 
spectral projections, since the latter commute with all the unitary op- 
erator 7r{g), g & G and hence also with their linear combinations. This 
implies 7t{xt)iJ'z = -E-almost surely. Given another vector v in the 
r-isotypic component we conclude that the following spectral represen- 
tation is valid : 



{7i{g)u,v) = 




{■Kz{,g)Uz,Vz) dEu,v{z) 



where Eu,v is the associated (scalar) spectral measure. Thus the K- 
finite vectors of tt (with variance r under K) are integrals (w.r.t. the 
spectral measure), of /^-finite vectors with the same variance, associ- 
ated with irreducible unitary representations tt^ of G. 

2) Second part of proof : Sobolev space argument. 

Our second step is a Sobolev space argument, following [Nit §7.1]. 
We assume the estimate stated in Theorem 15.181 for every irreducible 
non-trivial representation tt. Given r & K, for each vr we define 6.,^ to 
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be one half of the supremum of all 6 that satisfy the estimate stated 
in Theorem 15.181 with some finite constant C^(r, 5), (for all u in the 
r-isotypic component). 

We note that this function of vr is measurable w.r.t. the spectral 
measure, and therefore for this choice of 5 = ^^r, the estimator (for u 
in the r-isotypic component) 



||m||=1 J to 

is also measurable w.r.t. the spectral measure. Therefore we can con- 
sider the measurable sets 



Thus in particular in these subspaces the decay of r-isotypic ii'-finite 
matrix coefficients is exponentially fast, with at least a fixed positive 
rate, determined by 6. 

Now note that the subspace of differentiable vectors in A{t, S, N) 
which are invariant under the projection tcIxt) is norm dense in the 
r-isotypic subspace. Indeed, the subspace 7!'{xt * Cc(G'))(A(r, 5, A^)) 
consists of differentiable r-isotypic vectors and is dense in the r-isotypic 
subspace. Furthermore, given a differentiable vector u in the r-isotypic 
subspace, Uz is also differentiable, for i5-almost all z E T.^, (w.r.t. the 
spectral measure) since for / G Cc{G) 



We can now use the first part of Corollary 15.1 6[ together with stan- 
dard spectral theory, and conclude that for a differentiable vector u G 
A{t,6,N), the following spectral identity holds, for every t > s > 0, 
and for every u,v E L'^{X) : 



Now using Corollary 15.16( 2) and the fact that v above is allowed to 
range over L^(X), for each t and s we have the following equality of 
functions in L^(X), namely for almost all x G X : 
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d 
dr 



Tx{ur)u{x)dr 



so that for any t > s > M, for almost all x G X : 

d 



\'n{ut)u{x) - -niUsjuixM < 



M 



dr 



7r{Ur)u{x) 



dr 



The averages Ut form an continuous family in the L^(G)-norm, con- 
sisting of absolutely continuous measures on G, and the function t h-> 
TT{i't)u{x) therefore is a continuous function of t for almost every x G X. 
Restricting attention to these points x, we conclude that for all M > 
and almost every x 



limsup \7i{h't)u{x) — 'K{h's)u{x)\ < 

f ,s— >oo 



AI 



— 7[{Ur)u{x) 

dr 



dr 



and thus the set 



X ; limsup I vr (x) — 7r(z/s)'u(x)| > ( 

f,s— >oo 



is contained in the set 





/■oo 


^x ; 


Jai 



-^n{ur)u{x) 
dr 



dr>C> . 



We estimate the measure of the latter set by integrating over X, and 
using the Cauchy-Schwartz inequality. We obtain, for any C > 
M > 0, the following estimate: 

-TT{Ur)u{x) 





/■oo 


^x ; 


Jm 



dr 



dr > C 



1 

< - 

- c 



^■n{vr)u{x) 
X \J M dr 

exp(-M5/4) 



dr diiix) < — I 
J CJai 



d 

—n[Vr)u 

dr 



dr 



< 



< 



C 

2exp(-M5/2) 
CvW2 



g-r5/4gr5/2 



M 



dr 



dr 



L2(X) 



AI 



1/2 



dr 



LHX) 



Using Proposition 15.141 it suffices to show the finiteness of the fol- 
lowing expression 

2 



M 



mrjSr] 

mciNr 



dr . 



LHX) 
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Using our assumption that the K-Hnite vector u has its spectral support 
in the set A{t, 6, N), we can write the last expression as 

2 

dEu,u{z)dr . 



oo 

(5r 



e 

M Jz&A{t,5,N) 



rririSr) , . 



Using the uniform bound given in Corollary I5.15[ we can estimate by 

oo f 

5r „2 /II / , \„, „ /Q,. \„. Il\2 



< / e^M c' {\Mur)u,\\ + \Mdur)u,\\y dEu,u{z)dr 

Jm JzeA{T,5,N) 

and thus by definition of the space A{t,6,N), and the fact that u is 
spectrally supported in this subspace, the last expression is bounded 
by c^N < oo. 

We have estabhshed that 7i{h't)u{x) converges almost surely (expo- 
nentially fast) to the ergodic mean, namely to zero. The fact that 

is dense in Lq{X) is a standard fact in spectral theory. 

This concludes the proof of Theorem 15.181 □ 

To complete the proof of Theorem 14. 2^ we now need to verify that 
the assumptions of Theorem 15.181 are satisfied by ^'-algebraic groups. 
We begin with following 

Theorem 5.19. Let G = Gi---Gj\f be an S-algebraic group as in 



Definition 3.4 Let Gr be any family of bounded Borel sets, and the 
Haar-uniform probability measures. Let vr = tti ® ■ • • ® tttv, where each 
TTj is an irreducible unitary representation of Gi without Gf -invariant 
unit vectors. Then there exist 6 = 6.,^ > and a constant Ci (depending 
only on G and the family Gr) such that for every r-isotypic vector u 

(1) When Gr is a coarsely admissible 1 -parameter family (or se- 
quence), we have 

\\7r{h'r)u\\ < Ci(dimr)e~''^ , 

(2) When Gr is a left-K -radial admissible family, K a good maximal 
compact subgroup, for almost every r we have 

\\'n-{dh'r)u\\ < Ci(dimr)e"'''' , 

(3) In particular, when Gr is left-radial and admissible, there exists 
a constant G.,^{t^5) < oo such that 



oo 

(5r 



e'" {h{yr)u\\ + \\^{dur)u\\Y dr < G^{t, 6) \\u\ 



to 
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Proof. 1) By Theorem l5.6l vr is strongly for some p = p{tt) < oo, and 
then if n > p/2 then vr®" C oo ■ Xq- Assume without loss of generality 
that n is even, and then (see |N3t Thm. 1.1]), since {7r{g)u,u) is real- 
valued, using Jensen's inequality we obtain 



||7r(z/^)M|| " = {'n{g)u,u) d{h'l * u 

JG JG 

< dim(r)" ll^ll'" / ^{g)d{u; * Pr) 

JG 

where we have used the estimate given in Theorem 15.4( 1) for i^-finite 
matrix coefficients in representations (weakly) contained in the regular 
representation. Now S is non-negative, and are assumed coarsely 
admissible and hence (i^, C)-radial. Thus we can multiply the last 
estimate by and then replace by their radializations v^- 

Since we are considering S'-algebraic groups, we can assume without 
loss of generality that is a good maximal compact subgroup so that 
(G, K) is a Gelfand pair. Then S defines a homomorphism of the 
commutative convolution algebra of bi-i^-invariant functions L^{K \ 
G/K). We can therefore conclude that 

||7r(z/r)M||^" < C^(dimr)" (^j S{g)di'r{g) 

Coarse admissibility implies the property of minimal growth for Gr and 
their radializations Gr, namely 5*" C Gan+b, for a compact generating 
set S. Thus the desired result follow from the standard estimates of 
the S-function of an S'-algebraic group, which shows that the integral 
of Eg on Gr decay exponentially in r. 

2) Now consider the case of dur, which is a singular measure on G, 
supported on the "sphere" Sr- Arguing as in (1) before we still have 

||7r(9z/r)M||^'^ < dim(r)" / E{g)d{di'* * di>r) 

Jg 

Now S is bi-iC-invariant for a good maximal compact subgroup K, and 
Gr (and thus Vr) are assumed to be left-iiT-invariant. In follows that 
niK * dvr = dvr for almost every r, and hence 

/ E{g)d{diy* * dur) = / ttik * E * mK{g)d{diy* * ttik * dur) 
Jg Jg 



E{g)ddur 



G 



2 
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But dur = mr/mriGr) is a probability measure supported on Sr, and 
clearly the property of minimal growth for Gj. implies that 5*^ is con- 
tained in the complement of 5"*i[''l+''i for some Oi > 0. Therefore again 
the standard estimates of the S-function yield the desired result. 
3) The last part is an immediate consequence of the previous two. 

□ 

Completion of the proof of Theorem \4.2\ 

The last step in the proof of Theorem 14.21 is to consider the various 
alternatives stated in its assumptions. 

If the action is irreducible and totally weak mixing, then any irre- 
ducible unitary representation vr^ of G appearing in the direct integral 
decomposition of tt^ is indeed strongly for some finite p. This 
follows from Theorem 15.61 since tTz is then a tensor product of infi- 
nite dimensional irreducible representations of the simple constituent 
groups. In that case Theorem 15. 19^ parts (1) and (2) apply, and the 
proof of the mean and the pointwise ergodic theorem for left-radial ad- 
missible 1-parameter families in irreducible actions is complete, taking 
into account also that the maximal inequality is covered in all cases by 
Theorem 15.131 

Note that, still in the irreducible case, we can apply part (1) of Theo- 
rem [5]T9] to a coarsely admissible sequence, and this immediately yields 
the mean ergodic theorem and pointwise convergence almost surely on 
the dense subspace of vectors appearing there. Again using Theorem 
I5.13[ this completes the proof of the mean and pointwise ergodic the- 
orem for coarsely admissible sequences in irreducible actions. 

Otherwise the action may be reducible, and we seek to prove the 
mean theorem when the left-radial averages are balanced and the point- 
wise theorem when they are standard radial and well-balanced. In the 
present case, each vr^ is a tensor product of infinite dimensional ir- 
reducible representations of some of the simple subgroups, and the 
trivial representations of the others. We can repeat the argument 
used in the first part of the proof of Theorem I5.19[ and establish that 
||7r2(A)u|| — > using the assumption that Pt and hence Pt are balanced, 
and ||7r2(/5()u|| —>■ exponentially fast when j3t are well-balanced. In- 
deed, instead of integrating against '^cid) we will now be integrating 
against the S-function lifted from some simple factor group, using the 
argument in the second part of the proof of Theorem 15.111 By the 
balanced or well-balanced assumption, the standard estimates of the 
S-function yield the desired norm decay conclusion. 

The last argument required to complete the proof of the pointwise 
theorem is the estimate of ||7r(9/3t)||, when the averages are standard 
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radial, well-balanced and boundary-regular. In this case each distance 
£ (or d) on a factor group L obeys the estimate provided by Theorem 
I3.17( ii). namely mt{dGt H L^t) < Ce~^*mt{dGt)- The total measure 
mt{St) on dGt C G is obtained as an interated integral over the factor 
groups. Integrating against the S-function lifted from a factor group, 
and using the decay of the S-function, the required estimate follows. 

This concludes the proof of all parts of Theorem 14.21 (and of course 
also Theorem 11.41) . 

Remark 5.20. (1) In principle, our analysis applies to a general al- 
most surely differentiable family of averages z/j (absolutely con- 
tinuous w.r.t. Haar measure), and not only those arising from 
Haar uniform averages on admissible sets Gt as in Theorem 

EH 

(2) We need only assume that the irreducible representations of G 
giving rise to the spectral decomposition of L'^{X) satisfy the 
spectral estimates we have employed, and not necessarily all 
representations of G. This is useful when considering a homo- 
geneous space X = G/T, when G is an adele group, for example. 

Remark 5.21. Singular averages. An important problem that arises 
naturally here is to extend the foregoing analysis to averages which are 
singular w.r.t. Haar measure. An obvious first step would be to estab- 
lish a pointwise ergodic theorem for the family of "spherical averages" 
supported on the boundaries dGt of the sets Gt- However, to prove 
such results it is necessary to establish estimates for the derivatives 
of the r-spherical functions. While the matrix coefficients themselves 
obey uniform decay estimates which are independent of the represen- 
tation (provided, say, that it is L^, see Theorems 15.31 and 15.41) . this 
is no longer the case for their derivatives. For example, consider the 
principal series representations Ind^^^^ 1® it] induced from a unitary 
character of A and the trivial representation of MN . These repre- 
sentations have matrix coefficients whose derivatives exhibit explicit 
dependence on the character rj parametrizing the representation. Con- 
sequently, sufficiently sharp derivative estimates for matrix coefficients 
are inextricably tied up with classification, or at least parametrization, 
of the irreducible unitary representations of the group (see |CN] for 
more on this point). 

We have avoided appealing to classification theory and refrained from 
establishing such derivative estimates in the present paper. Instead we 
have utilized the fact that restricting to Haar uniform averages on 
admissible sets, the distribution ^ut is a signed measure, so that we 
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need only use estimates of the spherical functions themselves in order 
to estimate it. 

5.6. The invariance principle, and stability of admissible aver- 
ages. 

5.6.1. The set of convergence. It will be essential in our argument be- 
low to establish that for a family of admissible averages, the set where 
pointwise convergence of Ti{(3t)f{x) holds contains a G-invariant set, 
for each fixed function /. 

Let G be a locally compact second countable group with left Haar 
measure mc- Consider a measure-preserving action of G on a standard 
Borel space (X, i3, z/). For Borel subsets Gt G G and g E G, consider 
probability measures 



Let us formulate the following invariance principle which applies to 
all quasi-uniform families. This result generalizes |BRj , where the case 
of ball averages on SO{n, 1) was considered. 

Theorem 5.22. Let G be an Icsc group, and suppose that {Gt}t>o is 
a quasi-uniform family, with (3t satisfying the pointwise ergodic theo- 
rem in L^ii')- Then for every f G L^{i^), there exists a G-invariant 
measurable set ^{f) of full measure such that for every x G ^{f). 



In particular, this holds for admissible 1-parameter families and admis- 
sible sequences on S-algebraic groups. 

Proof Writing f = f+ - f- for /+,/- G ^^(z/), /+,/" > 0, and 
assuming that the theorem holds for /"*" and /~, we can take 



Hence, without loss of generality, we may assume that / > 0. 
Consider then the conuU measurable set of convergence: 






Take a countable dense set {gi\i>i C G and let 



n = i^g,G. 
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Then f2 is a measurable set of full measure, and for every x G i7 and 
every gi, we have g~^x G C. Let 6 > and take e > and O as in 
(13.81) and (13.91) . We may also assume that O is symmetric. Then for 
any g E G there exists g^ such that g^ G gO. Hence, for sufficiently 
large t, 

giGt^e C gGt C gi.Gt+e- 
Therefore, for every x G X, 

7riPt)fig-'x) = [ fih-'g-'x)dmG{h) 

mG{Gt) Jg, 

= TTTT / f{u'^x)dmG{u) < — — / f{u'^x)dmG{u) 

mG{Gt) J gGt ruGiGt) Jg^Gt+, 

< , / f{u~'x)dmG{u) = (1 + 5)7r(A+e)/(ft '^)- 

rriGigiGt+e) Jg,Gt+, 

This implies that for every g E G and x G fi, since g~^x G G 
limsup7r(/?i)/(5("^x) < (1 + (5) / f d^ 

t^oo Jx 

for every 5 > 0. Similarly, we show that 

\imM7r{(3t)f{g-'x)>{l + 6)-' [ f dfi. 

Therefore, let us take = G ■ Vt. Then is strictly invariant 

under G, namely g^{f) = ^{f) for every g E G, and the complement 
of ^{f) is a null set. Thus ^{f) is a strictly invariant measurable set 
in the Lebesgue a-algebra, namely in the completion of the standard 
Borel structure on X with respect to the measure /i. 

□ 

An immediate corollary of the foregoing considerations is the follow- 
ing 

Corollary 5.23. Let G be an lose group, and suppose that {Gt}t>o is a 
quasi-uniform family, with (3t satisfying the pointwise ergodic theorem 
in V^u). Then the Haar-uniform averages on gGth also satisfy it, for 
any fixed g,h E G. In particular, this holds for admissible 1-parameter 
families and admissible sequences on S-algebraic groups. 

5.6.2. Stability of admissible averages under translations. When is the 
family gGth itself already admissible if Gt is ? This was asserted in 
Definition [LT] for connected Lie groups. In this subsection we note that 
in the general case, the property of admissibility is stable under two- 
sided translations. Indeed, the sets we used to defined admissibility 



62 



ALEXANDER GORODNIK AND AMOS NEVO 



on S'-algebraic groups satisfy the following. For every g G G, there 
exists a positive constant c{g) > such that gO^g^^ contains Oc(g)e for 
all < e < eo- We can therefore easily conclude : 

Lemma 5.24. Stability under translations. LetGt be a 1 -parameter 
family of coarsely admissible averages on an S-algebraic group as in 



Definition 3.4 Then for any g,h E G, the family gGth is also coarsely 



admissible. If Gt is admissible, then so is gGth. 

Proof. To see that for coarsely admissible averages Gj, the averages 
gGth are also coarsely admissible note that for any bounded set -B, 

BgGthB C B'GtB' C Gt+c' 

and in addition g^^Gt+c'h^^ C Gt+c", so that 

BgGthB C Gt+c' C gGt+c"h . 

As to the second condition of coarse admissibility, by unimodularity, 
mcigGt+ch) < dmcigGth) and so gGth is coarsely admissible. 

Now let Gt be an admissible 1-parameter family, and h, g be fixed. 
For every open set in the basis, the set gO^g'^ fl h^^O^^h is open 
and contains On{e)- By definition of an appropriate basis, we can choose 
vi.^) ^ Coe, for some fixed positive cq = c^^g, h) < 1, uniformly for all 
< e < 6{g,h). Then, checking the conditions in the definition of 
admissibility : 

0,(^,)gGth0^r,(e) C gO,GtO,h c gGt+ceh 
so that for aX\ Q < e < e'{g., h) 

O.gGthOe C gGt+ec/coh. 

When G is totally disconnected, and Gt satisfies KGtK = Gt, clearly 
gGth is also invariant under translation by the compact open subgroup 
K' = gKg-^ n hKh~\ 

As to the Lipschitz continuity of the measure of the family, we have 
of course, since G is unimodular 

mcigGt+eh) = mciGt+e) < (1 + ce)mG{Gt) = 
= (1 + ce)mG{gGth) . 

□ 
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6. Proof of ergodic theorems for lattice actions 

6.1. Induced action. We now turn to consider an Icsc group G and 
a discrete lattice F in G. The existence of a lattice implies that G is 
unimodular, and we denote Haar measure by mc, as before. Denote 
by Tnc/T the corresponding measure on G/T. We normalize ma so that 
mG/T{G/T) = 1. 

For a family of Borel subsets {Gt}t>o, we consider the averages \t 
uniformly distributed on Gf fl F. We will use the mean, maximal and 
pointwise ergodic theorems established for the averages (3t acting in a 
G-action, in order to establish similar ergodic theorems for the averages 
At acting in a F-action. The fundamental link used to implement this 
reduction is of course the well-known construction of the induced G- 
action defined for a measure-preserving action of F, to which we now 
turn. 

Thus let F act on a standard Borel space {X,B,fi), preserving the 
probability measure /i. Let 

Y=^Gx X. 

Define the right action of F on Y: 

-7 = (^7,7^^x) {g, x) e Y , e T, (6.1) 

and the left action of G: 

9i ■ i9,x) = igig,x), {g,x) eY, gi e G. (6.2) 

The space Y is equipped with the product measure mc ® /i, which is 
preserved by these actions. Since the actions (16.11) and (16.21) commutes, 
there is a well-defined action of G on the factor-space 

Y=^Y/T. 

We denote by vr the projection map n : Y ^ Y. Note that Y admits 
a natural map j : {g,x)r i— > gT onto G/T. This map is measurable 
and G-equivariant, and thus F is a bundle over the homogeneous space 
G/r, with the fiber over each point gT identified with X. 

For a bounded measurable function x : G ^ M with compact support 
and a measurable function : X — M, we define F : F — > M by 
F{g,x) = xi9)4'{^)- We then define F : F — >■ M by summing over 
F-orbits 

F{y) = F{{g, x)F) = x{9l)<P{l-'x) = H{9, x)-f) . (6.3) 

76r 7er 
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There is a unique G-invariant Borel measure uonY such that 

J^Fdu^(^j^X dmc^ (^j^ di^j . (6.4) 

For F defined above, we have the following expression for the av- 
eraging operators we will consider below. Let {h,x)V — y e Y, and 
then 

7ry(A)F(2/) = -^7^ I F{g-'y)d(3t{g) 

^ J2 ^ ]n\ \ I x{g~^hj)dmG{g)) <p{j~^x) 
^ mG{Gt) \Jg, J 

The latter expression will serve as the basic link between the averaging 
operators [3t on G acting on LP{Y), and the averaging operators At 
acting on U\X). 

We now recall the following fact regarding induced actions, which 
will play an important role below. Namely, it will allow us to deduce 
results about the pointwise behaviour of the averages At on the F-orbits 
in X from the pointwise behaviour of the averages j3t on G-orbits in Y . 

Consider the factor map j : {Y,^) — > (G/F,mG/r), which is a Borel 
measurable, everywhere defined, G-equi variant and measure-preserving. 
For a Lebesgue measurable set B C Y, the set By^ = j~^{yT) n S is 
a Lebesgue measurable subset of X for every yT G G/T. (Recall that 
the Lebesgue cr-algebra is the completion of the Borel cr-algebra w.r.t. 
the measure at hand, namely z/ on F or /x on X). 

Any set B can be written as the disjoint union B — Hyr&G/r ^y^- 
Furthermore, the G-action is given by 

gB^ H a(g,yr)Byr 
yreG/T 

where a : G x G/T — > F is a Borel cocyclc associated with a Borel 
section of the canonical projection G G/F. 

We can now state the following well-known fact, whose proof is in- 
cluded for completeness. 

Lemma 6.1. If B d Y is a Lebesgue measurable set with i'{B) = 1, 
which is strictly G-invariant (gB — B for all g & G) then ii{Byr) — 1, 
for every yF e G/F (and not only for almost every yV). 

Proof. The map h : G/F — > R+ given by yT fx{Byr) is every- 
where defined, Lebesgue measurable, and strictly G-invariant, namely 
h{gyV) = b{yT) for all G G and yT G G/F. Since G/F is a transi- 
tive G-space, b{yr) is strictly a constant, and this constant is of course 
L □ 
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We conclude the introduction to induced actions with following sim- 
ple fact. 

Lemma 6.2. Let 1 < p < oo and Q be a compact subset of G. 

(a) There exists ap^q > such that for every G L^ifJ') and a 
bounded x '■ G ^ M. such that supp(x) C Q, with F defined as 
m / fO) 

Moreover, if Q is contained in a sufficiently small neighborhood 
of e, then 

\\F\\lp{v) = WxWLPima) ■ H\\LP{^l)■ 

(b) There exists bp^q > such that for any measurable F : Y ^ W, 

\\F o 7i\\Lp{mG(x,t^\Qxx) < ^P,Q • ll-^IU^H- 
When Q = Oe we denote bp^q = bp,,. 

6.2. Reduction theorems. We now turn to formulate the fundamen- 
tal result reducing the ergodic theory of the lattice subgroup V to that 
of the enveloping group G. 

Such a result necessarily involves an approximation argument based 
on smoothing, and thus the metric properties of a shrinking family of 
neighbourhoods in G come into play. The crucial property is finiteness 
of the upper local dimension of G (see Definition 13.51) . namely 

qq = hm sup < oo 

e^o+ loge 

We will assume this condition when considering admissible sets, 
throughout our discussion below. Note that for S-algebraic groups 
as in Definition 13.41 and for the sets Os we chose in that case, p is sim- 
ply the real dimension of the Archimedian factor, and thus vanishes for 
totally disconnected groups. 

Let us note that the induced representation of G on L^{Y), 1 < p < 
oo, contains the representation of G on ^{G/T) as a subrepresentation. 
Thus, whenever a maximal inequality, exponential maximal inequality, 
norm decay estimate, spectral gap condition, mean or pointwise ergodic 
theorem hold for vry(/9t) acting on WiY), they also hold for nG/viPt) 
acting on L'^iG /V). 

We now formulate the following reduction theorem, and emphasize 
that it is vahd for every lattice subgroup of every Icsc group. 
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Theorem 6.3. Reduction Theorem. Let G be an lose group, Oe of 
finite upper local dimension, Gt an increasing family of bounded Borel 
sets, and T a lattice subgroup. Let p > r > 1, and consider the averages 
j3t on Gt and Aj on F fl Gt as above. Then 

(1) // the family {Gt}t>Q is coarsely admissible, then the strong 
maximal inequality for (3t in {L^ {i>) , [u)) implies the strong 
maximal inequality for At in (L^(yu), L^{fi)). 

(2) If the family {Gi}f>o is admissible, then the mean ergodic theo- 
rem for (3t in L'^{u) implies the mean ergodic theorem for Xt in 

(3) // the family {Gt}t>o is quasi-uniform, and the pointwise er- 
godic theorem holds for Pt in Lp{i>), then the pointwise ergodic 
theorem holds for Xt in L^lfi). 

(4) // the family {Gt}t>o is admissible and r > qq, then the expo- 
nential mean ergodic theorem for j3t in (L^(i/), L^'(z/)) implies 
the exponential mean ergodic theorem for Xt in (L^(/i), L''(yu)) 
(but the rate may change). 

(5) Let the family {Gt}t>o be admissible, p> r > qq, and assume jdt 
satisfies the exponential mean ergodic theorem in (L^(z/), L^(z/)), 
as well as the strong maximal inequality in L'^{v), for q > 1. 
Then Xt satisfies the exponential strong maximal inequality in 
{L^ ,L^) with p' , r' such that 1/p' = (1 — u)/q and 1/r' = 
(1 — u)/q + u/r for some m G (0, 1) . 

The proof of Theorem 16.31 will occupy the rest of §6, and will be 
divided to a sequence of separate statements. 

One basic ingredient in the proof of Theorem 16.31 is as follows. 

Theorem 6.4. Let G, Gt, (3t and Xt be as in Theorem \6.3[ Then 

(1) Suppose that the family {Gt}t>o is coarsely admissible and j3t 
satisfies the strong maximal inequality in (L^(mG/r); L'^i^G/r)) 
for some p > r > 1. Then for some G > and all sufficiently 
large t, 

G-^-mG{Gt) < \VnGt\<G-mG{Gt). 

(2) Suppose that the family {Gt}t>o is admissible and (3t satisfies 
the mean ergodic theorem in L'P{mG/r) for some p > 1. Then 

hm — — = 1. 

t^oo mG[Gt) 
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(3) Suppose that the family {Gt}t>o is quasi-uniform and j3t satisfies 
the pointwise ergodic theorem in L°°{mG/r)- Then 



hm -— = 1. 



h) 

(4) Suppose that the family {Gt}t>o is admissible and (3t satisfies 
the exponential mean ergodic theorem in {U'{mG/v)iL^{f^G/v)) 
for some p > r > 1. Then for some a > (made explicit 
below), 



\TnGt\ 



l + 0(e 



mciGt) 

6.3. Strong maximal inequality. We now prove some results neces- 
sary for the proof of Theorem 16. 4[ In this subsection we assume that 
the family {Gt}t>o is coarsely admissible, and as usual set Tt = GtCiT. 

Lemma 6.5. (1) \Tt\ < GmciGt). 

(2) Assuming the strong maximal inequality for (3^ in {U'{mG/T)i L'^{f^G/v)) 
for some p > r > 1, we have {Ttl > G'mG{Gt) for sufficiently 
large t. 

Proof. Let i? C G be a bounded measurable subset of positive measure, 
and we assume that B is small enough so that all of its right translates 
by elements of F are pairwise disjoint. Then by fl3.3p and fl3.4p . 




This proves the first part of the lemma. 
To prove the second part, we first show 

Claim. There exists a compact set Q d G/T and xq E G/T such that 
hmmf 7rG/r(A)XQ(a^o) = hmmf — — > 0. 

t^oo t~too mG\Gt) 

Proof. Suppose that the claim is false. For a compact set Q C G/T, 
denote by ip the characteristic function of the set {G/T) \ Q, the com- 
plement of Q. Then for every x G G/T, 

sup7iG/r{Pt)i^{x) > limsup7rG/r(A)^(a;) = 1- 

t>to t^oo 

On the other hand, 

\LnG/r)=mG/r{{G/T)\Qy/P, 
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and it can be made arbitrary small by increasing Q. This contradicts 
the strong maximal inequality and proves the claim. □ 

Continuing with the proof of Lemma 16.51 denote by xq the charac- 
teristic function of the set Q. Then for some xq G G/T 

liminf 7rG/r(A)XQ(2;o) = Co > 0. 

t—i-OO 

There exists a non-negative measurable function x : G ^ M with 
compact support such that 

since the projection C^{G) C^{G/T) by summing over F-orbits is 
onto. 

Letting xo = goT, we conclude that 

'^x{9'^9ol)dmG{g) > ^GoniciGt) 

Gt 

for sufficiently large t. Now, if xig^^goj) 7^ for some g G Gt, then 
'y e g^^ -Gf (supp x) C Gt+c 

by (EJD. Hence, 

/ '^xi9~^9ol)dmG{g) < / _^ xdrriG 



JG 

Now Lemma 16.51 follows from (13.41) . □ 

We now prove the following result, reducing the maximal inequality 
for A( to the maximal inequality for under the assumption of coarse 
admissibility. 

Theorem 6.6. Suppose that (3t satisfies the strong maximal inequal- 
ity in {LP {i/) , U {v)) , then Xt satisfies the strong maximal inequality 
(Lf(/i),L'-(;x)). 

Proof. Take G 

First, we observe that it suffices to prove the theorem for > 0. 
Write 

= 0+ - 0- 

where 0"'", 0~ : X ^ M_(. are Borel functions such that 

max{0^, 0"} < |0|. 
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Assuming that the strong maximal inequahty holds for 'n'x{^t)4>~^ and 
7rx(At)0", we get 



sup |7rx(At)0| 


< 


sup |7rx(At)0+| 


+ 


sup \nx{Xt)(t) 1 




i>io 




t>to 




t>to 





Hence, we can assume that (p > 0. 

Let 5 be a positive-measure compact subset of G, small enough so 
that all of its right translates under F are disjoint, and let 

^ mciBy 
and F : y ^ M be defined as in (16. 3p . 

Claim. There exists c,d > such that for all sufficiently large t, and 
every h & B and x G X, 

71"x(At)0(x) < d- 7lY{Pt+c)F{7l{h,x)). 

Proof. For {h,x) E G x X , we have 



7ly{Pt)F{7:{h,x)) 



jGt)!^ ^M0(7 ^-x)^ dnicig) 



By (EJ}, for 7 G Ft and /i G B, 

supp(5( x(fi'"^/i7)) = ^7 supp(x)"^ C Gt+c. 

Hence, 

/ Xig'^h-f) dmcig) = 1. 
Also, by Lemma [6.51 and (13.41) . 

ir^l > GWiGt+c). 

Applying the previous arguments to 7r{j3t+c), and summing only on 
7 G Tf, we conclude that for {h,x) E B x X, 

MPt+c)F{nih, x)) > V f / xig-'h^) dmcig)) 0(7"' " x) 



mciG, 



X 0(7-^ ■ x) > C'nxiXMx)- 

^^"^ 7ert 



This proves the claim. 



□ 
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Continuing with the proof of Theorem 16.61 we now take the supre- 
mum over t on both sides. Let us hft iTx{)^t)4' to be defined on B x X 
(depending only the second coordinate). By the claim, for sufficiently 
large t'^ > 0, integrating over h & B we obtain 



sup |7rx(Af)0)| 
t>t' 



maiB) 



-l/r 



sup |7rx(At 



t>t' 



<C' 



sup|7ry(/5i+c)(Fo7r)| 



t>t' 



Now 7ry(/5t)(F o tt) = {nY{Pt)F) o vr, since the left G-action on G x X 
commutes with the right F-action. Hence, by Lemma 16.2( b) and the 
strong maximal inequality for jSt in {U'{v),U'{v)), 



sup |7rx(At)0)| 



*>*0 



< C'Kb 



sup \TTY{l3t+c)F\ 



t>t' 



= C"\\x\\LP{mG) ■ ll0lUf(M) ^ C\\(f)\\LP{t,)- 

where the equality uses the fact that B has disjoint right translates 
under F and Lemma [6.2( a). 

This concludes the proof of Theorem 16. 6[ 



□ 



6.4. Mean ergodic theorem. We now turn from maximal inequali- 
ties to establishing convergence results for averages on F, using smooth- 
ing to approximate discrete averages by absolutely continuous ones, and 
thus utilizing the finiteness of the upper local dimension of G. General- 
izing the definition of upper local dimension somewhat, consider a base 
of neighborhoods {Os}o<e<i of e in G such that O^^s are symmetric, 
bounded, and increasing with e. We assume that the family {Gt}t>o 
satisfy the following conditions: 

• There exists c > such that for every small e > and t > t{e), 

0,-GfO,C Gt+,,. (6.5) 

• For 

mciGt+e - Gt) 
be = lim sup — — , 

t^oo mG[Gt) 

and for some p > 1, we have : 

51 ■ maiOeY^ ^ Q as £-^0^ 
Note that if the family {Gt}t>Q is admissible and 

\ogmG{Oe 



(6.6) 



^•0 



lim sup 



log£: 



< oo, 
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then (16.61) holds for p > go- 

Note that fl6.6p imphes that (5^ ^ as £ ^ 0+. For every 6 > 6^ and 
for sufficiently large t, 

mG{Gt+e) < {l+S)mG{Gt). (6.7) 

Lemma 6.7. Under condition h6. 6|) . if the mean ergodic theorem holds 
for Pt in L'^^mc/r) for some q > 1, then 

\Tt\ ~ mciGt) as t ^ oo. 

Proof. Let 

Xe 



mem 

and 

0,((?r) = 5^x.M- 

Note that is a measurable bounded function on G/T with compact 
support, 



XedmG = l, and / (p^ dmc/r = I- 
'G JG/r 

It follows from the mean ergodic theorem that for every 6 > 0, 

mG/r{{greG/T:\nG/r{Pt)M9'^)-M>S})-^0 as t ^ oo. 
In particular, for sufficiently large t, there exists gt G such that 
\T^G/r{Pt)4>e{gt^) - 1| < 5, or equivalently 

l-5< ]— [ (P,{g-'gtT)dmG{g) <1 + S (6.8) 

mG{Gt) JGt 

Thus let us now prove the following 

Claim. Given Q < e < Eq, for every t > to + ond for every h G Oe, 
I <P,{g-^hT)dmG{g)<\Tt\< j Mg-'hT) dmG{g). 

Indeed, if Xeig^^h'y) ^ for some g G Gt^ce and h G Os, then 
7 G /i"^ ■ Gt-ce ■ (supp Xe) C Gf 

Hence, 

f U9''hT)dmG{g)<J2[ Xei9-'h^)dmG{g)<\Tt\. 
In the other direction, for 7 G and h & Oe, 

SUpp(5( Xeig'^h-f)) = /l7(supp Xey^ C Gt+cs- 
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Since ^ 0, 

JGt+cs 76rt "^^t+cn 

and this establishes the claim. □ 

Continuing with the proof of Lemma 16.71 let us take h = gt defined 
above. By the claim and (16. Sp . 

\U<{l+S)mG{Gt+,), 

and the upper estimate on IF^I follows from (16.71) . The lower estimate 
is proved similarly. □ 

We now generalize Lemma 16.71 and prove the following result, re- 
ducing the mean ergodic theorem for At to the mean ergodic theorem 
for A. 

Theorem 6.8. Under condition Ii6. 6\) . if the mean ergodic theorem 
holds for (3t in L^iv), then the mean ergodic theorem holds for Xt in 

Proof. Take small e > and S G 1), where Se (as well as p) are 
defined by (16.61) . 

We need to show that for every (p G L^ifi) 



— > as t — s> oo, 

LP(/.) 

and without loss of generality, we may assume that > 0. Let 

mem 

and : y ^ R be defined as in Then G Lp{u), and 



Fedv = I (j) dfi. 

Y J X 

Step 1. For every {g,x) G x X and sufficiently large t, 

{l+6)-'7TY{f3t~ce)Fe{7r{g,x)) < TTxiXtmx) < {l+6)7TY{f3t+ce)Fe{7T{g , x)) 

To prove the first inequality, note that by Lemma [6.71 and (16. 7p . 

(1 + 6)-'mG{Gt+ce) < \Tt\ < (1 + 6)mG{Gt-ce) 
for suffciently large t. 
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For {h, x)eGxX, 



If Xe{g ^hj) 7^ for some g E Gt and h G Os, then by (16 .SI) . 

7 G h~^g SUpp(Xe) C Gt+ce- 

Using that 

/ Xe dmc = 1 and Xe > 0, (6.9) 
Jg 

we deduce that for {h, x) G x X, 

7ry(A)Fe(vr(/^,x)) = ^— V f / Xe(^?-'/i7)t^mG(^7)')0(7-'-x) 



t + ce 



To prove the second inequahty, note that by fl3.5p . for 7 G F^.^e and 

supp(fi' ^ X£(fl'"^/i7)) = ^7 supp(xe)"^ C Gf 
By (16. 9p . this imphes that for {h,x) G x X, 



^y{f3,)F,{n{h,x))>^-— ( f 

7efcc. Vic 



Xeig h-f)dmGig) ) 0(7 ■ x) 

Gt 



Using Lemma 16.71 and (16. 7p again, and then shifting indices completes 
the proof of Step 1. 

We now continue with the proof of Theorem 16.81 To simphfy nota- 
tions, we write for a measurable function : F — >^ M 

Now by Lemma [6.2( b). for each fixed e > 

< bpJ^llLPiu) (6.10) 

and clearly, if e' < e we may take bp^^' < ^p,£- 
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Step 2. For every sufficiently small fixed e > 0, 

\\TrYiPt+ce)Fe - 7<:YiPt)Fe\\p,e OS t ^ OO 

and 

limSUp \\nYiPt)Fe\\e < &p,e||0|Ui(/.)- 



For the proof, let us note that by the triangle inequality and fl6.10p . 

7rY{(3t)Fs- J^F.du 



\\7rY{(3t+ce)Fe - TTY{(3t)Fe\\p,e < bp^e 

Similarly, 

\\nYiPt)Fe\\p,e < bp, 

= h 



Fedu 



LP(u) 



MPt)F, - 


j F,du 


+ bp^e 


j^F.du 






LP{u) 




MPt)Fe- 


J F,du 


+ bp,e 


I (f)dfi. 






LP{u) 


Ix 



Hence, Step 2 follows from the mean ergodic theorem for (3t in U'iv) 
To complete the proof of Theorem 16.8^ we need to estimate 



ixx{\)<p- (t>dfi 



X 



X 



LP{mG'»tJ.\Oexx) 



where we have extended 7!'x{\t)(p to a function on x X in the obvious 
manner. By the triangle inequality, 



TTx{\t)(p- / (pdn 

•J X LP{mG<S^p\oexx) 

< \WxiXt)(t> - (1 + 6)-'nYi/3t-ce)iF, o 7r)| 



LP{mG(^^J,\Osxx) 



+ 



(l + 5)-Vy(A--c.)(i^.0 7r)- / 

J X LP{mG'SfJ.\Oexx) 

We estimate the last two summands as follows. First, using Step 1, we 
estimate the first summand by 

\\7rx{Xt)<P - (1 + Sy''KYif3t^ce){Fe O Vt) | 

< 11(1 + 6)'KY{f3t+ce)Fs - (1 + S)-''KY{f3t-ce)Fe 

< hYi/3t+ce)Fe - 7ry(A-c.)i^.||p,, + S ( || TTy 11^,, + Iky (A-c.)i^. H^,,) • 



\ LP{mG^IJ.\Osxx) 
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Hence, it follows from Step 2 that 

limsup \\nx{Xt)(p - (1 + ^)""^7ry(/3j_ce)(-^e o tt) 



t— >oo 



Second, observing that for 5 < 1 

l + 6)-W{f3t-cs)Fe- [ 

Jx 



/ (f)dfi 


< 


TTYiPt-ce)Fe 


Jx 


p,e 





X 



p,e 



+ 25||7ry(A-,,)F,||p_^, 
we deduce from step 2 that the second summand is estimated by 



lim sup 

t— >oo 



{l + 6)-'MPt-ce)Fe- [ 

Jx 



> dfi 



< Ah 



p,£ 



where bp^e are uniformly bounded. 

We have thus shown that for every 6 G (6^,1), and a constant B 
independet of 6 and e, 



lim sup 

t— >oo 



L1(m)- 



By our choice of (5e in (16.61) . this concludes the proof of Theorem 16. 8[ □ 

6.5. Pointwise ergodic theorem. In this section, we assume only 
that the family {Gt}t>o is quasi-uniform. Recall that we showed in 
Corollary 15.231 that then gGfh satisfy the pointwise ergodic theorem if 
Gt does. 

Lemma 6.9. Suppose that the pointwise ergodic theorem holds in L°°{G/r) 
for the quasi-uniform family {gGt}, for every g E G. Then 

\Tt\ ~ mciGt) as t ^ oo. 

Proof. Let / be any measurable bounded function on G/T. G/T being a 
homogeneous G-space, it follows from Theorem 15.221 that the pointwise 
ergodic theorem holds for every point in G/T. In particular, this holds 
for the point eF, and so 

f {9~'^^)dmG{g) ^ I fdmc/r 



mciG 



t) JGt 



G/r 



for every measurable bounded /. The lemma is then proved as Propo- 
sition 6.1 in [GW]. □ 

Theorem 6.10. // the pointwise ergodic theorem holds for the quasi- 
uniform family [3t in U^v), then the pointwise ergodic theorem holds 
for Xt in Lp{^). 
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Proof. We need to show that for every G LP{fi), 

'^x{K)(f){x) / (f)dfi as t ^ oo 
Jx 

for G X and without loss of generahty, we may assume that 

> 0. 

Take 5 > and let e > and O be as in dSSD and dSS]). Let 

^ Xo 
^ ~ mciO) 

and F : F ^ M be defined as in ([631) • Then F G Lp{u) and 



F dv = I (j) d/j. 

RecalU that it follows from Corollary 15.231 that the pointwise ergdoic 
theorem holds for the family gGt in C L^, for every g E G. Using 
also the assumption of Theorem 16.101 and Theorem 15.221 

7rYiPt)F{y)^ j (t)dv as t ^ oo (6.11) 

for ?/ in a G-invariant subset of Y of full measure. Then it follows 
from Lemma WA\ that (16.111) holds for y = 7r(e, x) for x in a F-invariant 
subset of X of full measure. Arguing as in the proof of Proposition 2.1 
in [GW], one shows that for every such x, 

limsup 7rx(A()0(x) < (1 + (5) / (pdfj,, 

t^oo Jx 

liminf 7rx(At)0(x) > (1 + 5)^"*^ / (f)dfi, 

for every 6 > 0. This completes the proof of Theorem I6.10[ □ 

6.6. Exponential mean ergodic theorem. In this section we as- 
sume that the family {Gt}t>o is admissible, and as usual w.r.t. a fam- 
ily Oe of finite upper local dimension qq. By definition for g > go and 
small e > 0, 

mciO,) > CpS'. (6.12) 

Theorem 6.11. If the exponential mean ergodic theorem holds for the 

admissible family f3t in {LP{mG/r), L^i'^G/v)) for some p > r > 1, then 

- 1 + Oie-'^') where a - ^"'^ 



rriG^Gt) ^(1 + r-p+r 



When the estimate 

re. 







(A) ^ Ce ^* holds, we can take 9p^r 
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Proof. As usual let 



and 



so that that 0^ is a bounded function on G/T with compact support, 



XedmG = l, and / (pe dmc/r = 
G JG/r 

It follows from the norm estimate given by the (L^, L'')-exponential 
mean ergodic theorem for (3t acting on G/T that for some fixed 6p^r > 
and G > 0, and for every 5 > 0, t > and e > 

mG/r{{x e G/T : |7rG/r(A)0e(a;) - 1| > 5}) < G5-'\Ml,^a/r)e-'^'"' ■ 
By Lemma [6.2( a). for sufficiently small e > 

m\LnG/r)=mGiO,y/P-\ 

We will choose both of the parameters e and 5 as a function of t, and 
begin by requiring that the following condition holds: 

G5-''mG{0,y/P-''-e-'''-' = ^mciO,). (6.13) 
Then for sufficiently large t, 

mG/r{{x e G/T : Ittg/APM^) - 1| > S}) < ^m^ia)- 
Now as soon as maps injectively into G/T, we have 

mc/riOeT) = mdO,) 

and so we deduce that for every sufficiently large t, there exists gt G Oe 
such that 

\^G/rif3t)M9tr) - l\ < 6 . 

Then using the claim from Lemma [6771 and (13.61) . we have for sufficiently 
large t 

\Tt\ < (1 + S)mGiGt+ce) <{1 + S){1 + ce)mG{Gt) , 

provided only that e, 6 and t satisfy condition (16.131) . 

In order to balance the two significant parts of the error estimate let 
us take ce = 6. Then (16.131) together with (I6.12p yield 

C'e-'--* = e'ruGiOef^''-^^ > G's'^^^'-"^^^'' . 
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Thus we take both e and 5 to be constant multiples of 



exp 



Q{l+r-^)+r 



and conclude that 



mG{Gt 



< B exp 



where B is independent of t. 

The lower estimate is proved similarly. 

The last statement of the theorem follows immediately from Riesz- 
Thorin interpolation. □ 

We now turn to the mean ergodic theorem with exponential rate of 
convergence. 

Theorem 6.12. Let (3t he an admissible family, Os of finite upper 
local dimension, and let p > r > g > qq. If the exponential mean 
ergodic theorem holds for (3t in {L^ (u) , U (u)) , then the exponential 
mean ergodic theorem holds for Xt in {L^ (fi) , (fi)) . 

Proof. We need to show that for some > 0, Cp > and every 

e L^ifi) 



7rx(At)0- (f)dij 



X 



Without loss of generality, we may assume that > 0. Let 

mem 

and : Y ^ Whe defined as in (16.31) . Then G L^lu), and 



Fedu 



Y 



> dfi. 



X 



In particular, 



TirmFs- / F,du 



Y 



e\\LP{u) 



(6.14) 



for some 6 = Op^r > 0. 

Repeating the arguments in Steps 1-2 of the proof of Theorem 16. 8[ 
we derive that 
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(a) For sufficiently large t and every {g,x) G x X, 
r]~^7iY{pt_ce)Fe{rc{g,x)) < 7rx(At)0(x) < r]7rY{Pt+ce)FeiTT{g, x)) 

where 

r/=(l + c£)(l + 0(e-"*)), 
a the error estimate in the lattice point count from Theorem 

Em 

(b) For sufficiently large t and small e > 0, 
and 

Using (a),(b) and (16.141) . we deduce as in the proof of Theorem 16.81 



that 



X 



< CmciO,)-'/^ (e-^*||F,|Up(,) + [e + e-"*)||</)|Ui(^)) 

for every small e > 0. 

Using Lemma [6.2( a) and (b), we can estimate 

< Cp^emciOe)^^'^ II0IIlp(^) • 

Let now g be such that < < By Holder's inequality, < 
Lp(^^), and collecting terms, we obtain 



X 



(m) 



-at 



Setting 



we have 



e = exp 



1 + Q- q/P 



with 



Jx 

C = min < a 



< e 

LP(/.) 

(1 - Q/r)ep^r 
1 + Q- qIP 

This concludes the proof of Theorems 16.121 



Lv{^,) 



> 0. 



□ 
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6.7. Exponential strong maximal inequality. We now prove that 
the exponential decay of the norms Hy^Pt) in Lq(F), together with the 
ordinary strong maximal inequality for 7ry(/5j) in some L''{Y) imply 
the exponential strong maximal inequality for following the method 
developed in [MNS]jN3] . 

Theorem 6.13. Let (3t be admissible averages w.r.t. of finite upper 
local dimension qq, satisfying 

• the exponential mean ergodic theorem in {L^ (u) , U (u)) with 
Qo<r <p, 

• the strong maximal inequality in L'^{i') for some q>l. 

Then Xt satisfies the exponential strong maximal inequality in {L'"{fi), L^{fi)) 
forv, w such that 1/v = {l—u)/q and 1/w = {l—u)/q + u/r for some 
u e (0,1). 

Proof. By Theorem 16. 12[ TTx{Xt) satisfies the exponential mean ergodic 
theorem: for every / G J^oifi), and 9 = 9p^r > 

hx{Xt)f\\LrM < Ce-^1/||L.(,). (6.15) 

Consider an increasing sequence {tj} that contains all positive integers 
and divides each interval of the form [n, n + 1], n G N, into |^e''^"/^J 
subintervals of equal length. Then 

tm-t. <e-^'L*d/4^ (6.16) 

and 

j>0 n>0 

Hence, it follows from (16.151) that 



Setting 



i?.(x,/)t/('5^e'^^*'/Vx(A,)/(x)r') 

\i>0 / 



l/r 



we have, for some C" independent of / : 

|vrx(AtJ/(x)|<B.(x,/)e-^*•/^ (6.17) 

1|5.(-,/)||l^(,)<C"||/||l.(.). (6.18) 

Claim. For any sufficiently large t, there exists ti such that \t — ti\ <^ 
e~'"^L*J/4^ anc? then for every f G L°°{fj.), 

\M^t)f-MK)f\<e"'V\\L-i,) 
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with some f] > 0, independent oft and given explicitly below. 

To prove the claim, note that it follows from fl6.16p that ti satisfying 
the first property exists. Without loss of generality we suppose that 
t > ti. Then, 

7rx{Xt)f{x)-irx{K)f{x) 



1 





ir.l \ 









|rtJ$^/(7-^-a:)-|r,| J]/(7-^-a:) 



7Grt 



7Grt-rt, 



< 



2|r, 



Applying the estimate provided by Theorem 16.111 and (13.61) , we get 



ir, 



l + 0(e 



<l-(l + 0(e-"*)) 



1 + 0(e-°*) 
1 



mciGt 



l + cit-tiY 

This implies the claim. □ 

Continuing with the proof of Theorem I6.13[ we use fl6.17p and the 
Claim, and deduce that for 6 = min{6'/2,?7} and every / G L'^{fi), 

\7rx{Xt)f{x)\ < \nx{K)f{x)\ + \7rx{Xt)f{x) - 7rx(AJ/(x)| 

= (i?,(a;,/) + ||/|U^(,))e-^*. 

Hence, by f l6.17p . (16.181) for some tQ,C > 0, and every / G L'^ifi) 



sup e'>x(At)/| 

t>to 



<c||/IIl^m 



(6.19) 



where we have used the fact that since /i is a probability measure, for 
/GL-(/i), ||/||^.(^)<||/i|^^(^). 

Now for a measurable function r : X — > [to;Oo) and 2; G C, we 
consider the linear operator 



U:f{x) = e^'^^^U7^x{Xri.))f{x) 



X 



By the strong maximal inequality for Aj in L'^{^) (which holds using 
Theorem 16.3( 1) and our second assumption), when Re^; = 0, the oper- 
ator 
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is bounded. By (16.191) . when Re 2 = 1, the operator 

is also bounded, with bounds independent of the function r. Hence, 
by the complex interpolation theorem (see e.g. [MNSj for a fuller dis- 
cussion) for every u G (0, 1) and v, w such that 

l/v = {l — u)/q and 1/w = {1 — u)/q + u/r, 

we have 



supe""^* 

t>to 



Jx 



< C\\J IIL.(^). 

This completes the proof of Theorem I6.13[ □ 



6.8. Completion of proofs of ergodic theorems for lattices. 

1 ) Completion of the proof of Theorem \4 .71 

Clearly, parts (1), (2) and (3) of Theorem 16.31 together imply Theo- 
rem U2l provided only that the admissible averages jSt do indeed satisfy 
the mean, maximal and pointwise ergodic theorems in Lp[i>) (and as 
a result also in LP{mQ/i')). This follows immediately from Theorem 
14.21 taking also into account the fact that since we are considering the 
action induced to G^, the action is necessarily totally weak- mixing, 
since has no non-trivial finite-dimension representations. □ 



2) Completion of the proof of Theorem 4-8 

The formulation of Theorem 16. 3( 4) incorporates the assumption that 
p > r > qq, where ^0 is the upper local dimension. Thus in order to 
complete the proof of Theorem 14.81 we must remove this restriction. 

Let us consider the exponentially fast mean ergodic theorem in (L^, U 
first. By Theorem 14.31 /3^ on G satisfies this theorem for all p = r > 1, 
and hence by Theorem 16.121 we obtain that Xt satisfies it if p > g. But 
clearly At — dfi has norm bounded by 2 in every L^, 1 < p < 00. 
By Riesz-Thorin interpolation, it follows that that satisfies the ex- 
ponentially fast mean ergodic theorem in every L^, 1 < p < 00, and 
hence in (L^, L'"), p > r > 1, {p,r) (1, 1). 

As to the exponential maximal inequality, note first that by Theorem 
14.31 0i satisfies the (L°°,L^) exponential-maximal inequality in every 
action of G where ||vr(/3t)||j^2 < Cexp(— 6't). It follows that it satisfies 
the exponential- maximal inequality in {L°°, L'"), for a finite r > qq. By 
Theorem I5.13[ (3t also satisfy the standard strong maximal inequality 
in every L'^, q > 1. Thus by Theorem 16.131 the exponential maximal 
inequality in {L^, L^) holds for the averages Xt (provided the norm 
exponential decay condition holds in the induced action, which is the 
case under our assumptions). By their explicit formula it is clear that 



THE ERGODIC THEORY OF LATTICE SUBGROUPS 



83 



we can choose v to be as close as we like to 1, thus determining a 
consequent w < v and some positive rate of exponential decay. 

This completes the proof of Theorem 14.81 □ 

Finally, we remark that the ergodic theorems stated for connected 
semisimple Lie groups and their lattices in §§1.2, 1.3, and 1.4 all fol- 
low from Theorem 14.21 Theorem 14.31 Theorem 14.71 and Theorem 14. 8[ 
together with Theorem 16.111 (or more precisely Corollary 17.11 below). 
This is a straightforward verification, bearing in mind that every uni- 
tary representation of a connected semisimple Lie group with finite 
center is totally weak-mixing. 

The only comment necessary is regarding Theorem 11.121 which as- 
serts that Af defined using the Riemannnian averages associated with 
the Killing form satisfy the pointwise ergodic action in any ergodic ac- 
tion of any lattice F, even if the induced action is reducible. Theorem 
14. 71 establishes this result based on Theorem 14. 2[ since the Riemannian 
averages are indeed admissible and well-balanced. This fact follows 
from the discussion in |MNSj (see also the Appendix below). It follows 
that an exponential decay estimate holds for the Riemannian sphere 
averages ||7r((9t'()||, even in the case of a reducible action, and thus 
pointwise convergence on a dense subspace holds. 

An alternative, more direct argument for the latter conclusion is the 
fact that in |MNSt Thm. 1] the pointwise ergodic theorem for f3t is 
proved in full generality, even for reducible actions, and thus the result 
for Xt follows from Theorem 16.3( 3). 

In might be worth commenting that for the sequences of averages 
Pn and Xn the entire Sobolev space argument is superfluous, of course. 
Since the maximal inequality holds, as well as pointwise convergence 
on dense subspace, it follows that the pointwise ergodic theorem holds 
for both sequences, even in the reducible case. 

This concludes the proofs of the ergodic theorems for lattice actions. 

□ 

We now turn to discuss equidistribution. 



6.9. Equidistribution in isometric actions. Let us prove the fol- 
lowing generalization of Theorem 11.91 

Theorem 6.14. Let G be an S-algebraic group as in Definition \3.4 , 
over fields of characteristic zero. Let F C G"*" be a lattice and Gt C G~^ 
an admissible 1-parameter family or sequence. Let {S,m) be an iso- 
metric action ofT on a compact metric space S, preserving an ergodic 
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probability measure m of full support. IfT is an irreducible lattice, then 



ns{Xt)f{s) - / fdm 



lim max 

n^oo seS 

and in particular 7Ts{l3t)f{s) —>■ fdm for every s E S . 

For any S-algebraic G and lattice T, the same results holds provided 
that Gt are left-radial and balanced. 

Proof. When G is defined over fields of characteristic zero, an action 
of G induced by an isometric ergodic action of an irreducible lattice 
is an irreducible action of G, as shown in [St]. Then, according to 
Theorem 14.71 Xt satisfies the mean ergodic theorem in L'^{S,m). The 
mean ergodic theorem holds also for general G and F, provided only 
that A( is balanced and left-radial, as asserted in Theorem 14. 7[ 

The proof is therefore complete using the following proposition. □ 

Proposition 6.15. (see [G]) Let the discrete group T act isometrically 
on a compact metric space {S,m), preserving a probability measure of 
full support. If a 1 -parameter family (or sequence) of averages Xt on T 
satisfy the mean ergodic theorem in L'^{S,m), then 'n's{Xt)f converges 
uniformly to the constant J^fdm for every continuous f G C{S). 

Proof. Our proof is a straightforward generalization of [G| (where the 
case of free groups is considered), and is brought here for completeness. 

Given a function / G G{S), consider the set C(/) consisting of / 
together with 7is{Xt)f, t G M+. C(/) constitutes an equicontinuous 
family of functions, since F acts isometrically on S. Thus C{f) has 
compact closure in C{S), w.r.t. the uniform norm. Let /o G C{S) be 
the uniform limit of ns{XtJf for some subsequence ti — >• oo. Then /o is 
of course also the limit of vrs'(AtJ/ in the L'^{S, m)-norm. Given that At 
satisfy the mean ergodic theorem, it follows that fo{s) = fdm for m- 
almost all s E S. Since m has full support, the last equality holds on a 
dense subset of S, and since /o is continuous, it must hold everywhere. 
Thus ns{Xt-)f converges uniformly to the constant J^fdm, and this 
holds for every subsequence ti ^ oo. It follows that the latter constant 
in the unique limit point in the uniform closure of the family TTs{Xt)f. 
Hence 



lim 

t^oo 



T^siXt)f- / fdm 



s 



= 

C(S) 



□ 



THE ERGODIC THEORY OF LATTICE SUBGROUPS 



85 



7. Comments and complements 

7.1. Explicit error term. Let us start by stating the following error 
estimate. 

Corollary 7.1. Let G be an S-algebraic group as in Definition \3.4 
Let r be a lattice subgroup and Gt an admissible family, both contained 
in G^ . If Gt are well-balanced, or the lattice is irreducible, then the 
number of lattice points in GtHT is estimated by (for all e > 0) 

< B, exp — , 

V ^0 + 1 / 

where 9 need only satisfy (for all e > 0) 

If 71 = TT^/r ^ strong spectral gap, then tt®" C oo • Ag for some n, 
and the spectral parameter 9 is given explicitly in term of the rate of 
volume growth of Gt by 

9 = ^limsup jlogmG(St) . 
2n t^oo t 

We note that Corollary 17.11 is an immediate corollary of Theorem 
16. m taking r = p = 2 and Qq to be the upper local dimension. In 
addition one uses Remark I5.10[ and the fact that S'-arithmetic groups 
as in Definition 13.41 have the Kunze-Stein property. This is well known 
in the real case |Colj . and was proved by A. Veca [V4 Thm. 1] in the 
totally disconnected, simply connected case. 

We remark that a somewhat weaker rate can be established using (in 
effect) just the radial Kunze-Stein phenomenon (which is much easier to 
establish). This proceeds by using the fact that admissible averages are 
{K, C)-radial, and estimating the norm of the corresponding radialized 
averages directly using Proposition 15.9( 2) and the standard estimate 
of the S-function. 

Of course, go = dim^ G when G is a connected Lie group and Oe 
are Riemannian balls. Furthermore, Qo = when G is a totally discon- 
nected S-algebraic group. 

Remark 7.2. Lattice point counting problem. Corollary [7]T] con- 
stitutes a quantitative solution to the lattice point counting problem in 
admissible domains. For a systematic discussion of quantitative count- 
ing results for more general domains, and more general groups, together 
with many applications, we refer to |GN] . 



mciGt 



- 1 
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7.2. Exponentially fast convergence versus equidistribution. 

In this section we give an example of a connected semisimple Lie group 
H without compact factors acting by translations on a homogeneous 
space G/r of finite volume and Haar uniform admissible averages (5t 
on H such that 

• equidistribution of if-orbits fails (i.e., there exist dense orbits 
for which the averages do not converge to the Haar measure), 

• An exponentially fast pointwise ergodic theorem holds (i.e., for 
almost all starting points the averages converge to the Haar 
measure exponentially fast). 

This example was originally constructed in [GW], Section 12.3. 
Let 

H = HiX H2 = SL(2, R) x SL(2, M) 

and 

r -.H ^ SL(2/,M) 
be the representation of H which is a tensor product of irreducible 
representations of Hi and H2 of dimensions 2 and / > 2 respectively. 
We fix a norm || • || on M(2/,M) and define 

Ht = {heH : \\r{h)\\ < e*}. 

Note that the sets Ht are not balanced, as shown in |GWj . 

Let G = SL(2/,M) and F = SL(2/,Z). For x G G/T and t > 0, 
consider the Radon probability measure 

/x.,(/) = ^77T f f{h-'x)dmH{h), f G C,{G/T). 
mH{Ht} Jnt 

Proposition 7.3. (1) There exists x G G/T such that Hx = G/T, 
but Haar measure mc/r is not an accumulation point of the 
sequence fix,t, t ^ 00, in the weak* topology. 
(2) For a.e. x E G/T, jj,x,t — > "^G/r as t ^ oc in the weak* topology. 
Moreover, for every p > r > 1, there exists 6 > such that for 
f G LP{mG/r) and a.e. x G G/T, 

f^xAf) - / fdf^G/r 
Jc/r 

with 

\\C{-, f)\\Lr{fMa/r) ^ C'll/IUf(MG/r)- 

Proof. Part (1) was proved in [GW], Section 12.3. 

To prove part (2), it suffices to observe that the representation of G 
on Lq(G/F) has spectral gap. Being simple, the spectral gap is strong, 
and so some tensor power of the representation embeds in 00 ■ Ac, as 



<G{x,f)e- 
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follows from the spectral transfer principle (see Theorem 15.31 or |N3j ). 
Thus the same tensor power of the representation of H on L'^{G/T) 
(restricted to H) embeds m. oo ■ \h and so H has a strong spectral gap 
as well. Therefore the desire result follows from Theorem 14. 3[ □ 

7.2.1. Remark about balanced sets. The last example owes its existence 
to the fact that the averages considered are not balanced. Let us there- 
fore give an easy geometric criterion for a family of sets defined by a 
matrix norm on a product of simple groups to be balanced. 

Let G = Gi • ■ ■ be a connected semisimple Lie group where Gj's 
are the simple factors and 

a=ai©---©a, (7.1) 

a Cartan subalgebra of G where a^'s are Cartan subalgebras of Gj's. 
We fix a system of simple roots $ = $i U ■ ■ ■ U $5 for a where $j is a 
system of simple roots for and denote by 

0+ = 0^ © ■ ■ ■ © a+ 

the corresponding positive Weyl chamber. 

Let r : G — > GL((i, M) be a representaion of G. For a norm || • || on 
Md(M), let 

Gt = {geG: ||r(^7)|| < t}. 
Let be the set of weights of a, and 

p, = {H ea^ : X{H) < 1 for all A G ^J, 

Finally, let 

6 = max{p(if) : H G p,.} 

where p denotes the half sum of the positive roots of a. 
We can now formulate the following 

Proposition 7.4. The sets Gt are balanced iff the set {p = 5} fl pp is 

not contained in any proper subsum of the direct sum ( [7. 

The Proposition follows from [GW], Section 7. 

8. Appendix : volume estimates and volume regularity 

The appendix is devoted to establishing admissibility or Holder- 
admissibility of the standard radial averages and more general ones, 
as well as to establishing conditions sufficient for the averages to be 
balanced or well balanced. We will also discuss boundary-regularity 
and differentiability properties of volume functions for some metrics, 
particularly GylT(0)-metrics. 
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8.1. Admissibility of standard radial averages. We begin with a 
proof of Theorem 13. 14^ whose statement we recall. 

Theorem 3.14. For an S-algebraic group G = G{1) ■ ■ ■G{N) as in 
Definition the following families of sets Gt d G are admissible, 
where a.i are any positive constants. 

(1) Let S consist of infinite places, and letG{i) be a closed subgroup 
of the isometry group of a symmetric space Xi of nonpositive 
curvature equipped with the Cartan-Killing metric. ForUi,Vi G 
Xi, define 

Gt = {{gi, • • • , fl'Ar) : ^ aidi{ui, Qi ■ Vi) < t}. 

i 

(2) Let S consist of infinite places, and let pi : G{i) GL{Vi) be 
proper rational representations. For norms || • ||j on End(V^), 
define 

Gt = {{gi, ■■■,gN) ■ J^djlog < t}. 

i 

(3) For infinite places, letXi be the symmetric space of G{i) equipped 
with the Cartan-Killing distance di, and for finite places, let Xi 
be the Bruhat-Tits building ofG{i) equipped with the path metric 
di on its 1-skeleton. For Ui G Xi, define 

Gt = {{gi, . . . ,gN) aidi{ui, gi ■ Ui) < t]. 

i 

(4) Let Pi : G{i) GL{Vi) be proper representations , rational over 
the fields of definition Fi. For infinite places, let || ■ ||j be a 
Euclidean norm on EndiVi), and assume that pi{G{i)) is self- 
adjoint : pi{G{i)Y = pi{G{i)). For finite places, let \\ ■ || j be the 
max-norm on End(Vj). Define 

Gt = {{gi, ■■■,gN) ■ ^djlog < t}. 

i 

The proof is divided into several propositions. To handle Archime- 
dian groups we will employ some arguments originating in [DRS] and 
[EMS] , and in the general case of S'-algebraic groups we will also employ 
convolution arguments which will be developed below. We note that 
the latter arguments will utilize knowledge of the behavior of vol{Bt) 
for all t > 0, and we will thus consider below the behavior for t large 
and for t small, separately. 
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Proposition 8.1. Let G be a connected semisimple group with finite 
center and X the corresponding symmetric space equipped with the 
Cartan-Killing metric d. For u & X, set 

Gt = {g e G; d{u,g- u) < t}. 

Then there exists c > such that for allt>0 and e G (0, 1), 

vol(Gt+,) - vol(Gt) < cemax{l,vol(Gt)}. 

Proof. Note that the stabihzer of m is a maximal compact subgroup K 
of G, and for a Cartan subgroup A of G, the map a ^ a-u, a & A, is an 
isometry. We introduce polar coordinates (r, uj) G x on the Lie 
algebra of A. With respect to the Cartan decomposition G = KA~^K, 
the Haar measure on G is given by C,{r,uj) drduodk with a nonnegative 
smooth density function ^. Then 

Yo\{Gt+e) — ^o\{Gt) = f f ^{r,uj) drdu = e / ^{a{uj),uj) du 



for some cr{uj) G [t,t + e]. This implies the claim for t G [0,1]. To 
establish the claim for t > 1, we use the following property of the 
function C, (see [EMS], Lemma A. 3): there exists c > such that for 
every r > 1 and u G S*"*", 



Proposition 8.2. Let d be the Cartan-Killing metric on a symmetric 
space X of nonpositive curvature, u,v & X, and G a closed connected 
semisimple subgroup of the isometry group of X. Define the sets 

Gt = {g e G; d{u,g ■ v) < t}. 

Then there exist c, to > such that for all t > t^ and e G (0, 1), 

vol(Gi+,)-vol(Gi) <ce vol(Gi). 

Proof. It follows from Mostow's theorem that there exist a maximal 
compact subgroup K oi G and an associated Cartan subgroup A such 
that K C Stab(f ) and the map a a ■ v, a & A, is an isometry. 
Consider polar coordinates (r, u) G x on the Lie algebra of A, 
and set 



s+ 



s+ 




(8.1) 



□ 



St{k) = {{r,Lj)] d{k u, exp(rco')t>) < t}. 



Then 




^(r, uj) drdujdk. 
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For p G Ku, we consider the function 

fp{x) = ]^d{p,xf, xeX. 

We have 

grad/p = -exp-^(p), 
and for the unit-speed geodesic ray 7(^(r) = exp(ru;)f , 

■j^fpilUr)) = (VT,^(^)(grad/p)^^(^),7;,(r))^„(^). 

Since the space X has nonpositive sectional curvature, we deduce (see 
[J], Theorem 4.6.1) that 

(V^(grad/p)^, w)^ > \\w\\l for every w e T^X. 

Hence, 

^JpM-)) > 1. (8.2) 

Therefore, there exists vq > and a > such that for every r > tq, 
p G Ku, uj G S'^, we have 

For e > and r > tq, 

d{p, exp((r + e)u)v) = ^2/p(7^(r + e)) > ^2/p(7^(r)) + 2«re 

= exp(ru;)f)A/l + 2are/d{p,'juj{r)y. 

Since it follows from the triangle inequality that for some c > 0, 

r — c < d{p, 7(^(r)) < r + c for all p G -ft'-u and uj G 5*+, 

we conclude that for some /3 > 0, 

exp((r + ^)uj)v) > d{p, exp(rct;)t>) + /?e. (8.3) 

for sufficiently large r and sufficiently small e > 0. This implies that 
for sufficiently large t, the sets St{k) are star-shaped. Let rt{k,u) be 
the unique solution of the equation. 

d{k~^u, exp{ruj)v) = t. 

Note that, by (18.31) . for sufficiently large t and e G (0, 1), 

rt+eik, uj) < rt{k, uj) + /3~^e. 
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Setting 

mt{k,uj) = / ^{r,u)dr, 
Jo 

we have 

mt+eik^Lu) — mt{k,iu) < / ^{r,uj)rdr— / ^{r,uj)dr 

Jo Jo 

for some cr G [rt{k,uj),rt{k,uj) + f3~^e]. Now it follows from (18. ip that 

mt+e{k, u) - mt{k, u) < (/5~^c)e ■ mt+e{k, uj). 
This shows that 

vol(Gi+,)= ! [ mt+,ik,u)dudk<i/3-^c)e-vo\iGt+,)+vo\iGt), 
Jk Js-i 

which implies the proposition. □ 

Proposition 8.3. (cf [EM Appendix]; Let p : G ^ GL{V) is a 
proper representation of a connected semisimple Lie group G, \\ ■ \\ a 
norm on End(\^), and 

Gt = {geG; log ||p((7)|| < t}. 

Then there exist c, to > such that for all t > t^ and all e G (0, 1), 

vol(G'i+,)-vol(Gi)<cevol(G'i). 



Proof. We employ the argument from Appendix of |EMSj . but since 
this argument is not quite complete (see (18. 4p below), we provide a 
sketch which indicates that in our setting it is indeed apphcable and 
provides the Lipschitz estimate. 

We fix a Cartan decomposition G = KA^K and use polar coordi- 
nates (r, uj) on the Lie algebra of A. Let 

St{ki,k2) = {(r,u;); ||p(A;i exp(rt^)A;2) || < e*}. 

Then 

vo\{Gt) = / / ^{r,Lo)drdujdkidk2. 

JkxK JstikiM) 

Since p{A) is (simultaneously) diagonalizable over M, there exist Vi G 
End(M") such that 



p(exp(rco')) = e^'^' 
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Since all norms are equivalent and p{K) is compact, there exist ci, C2 > 
such that for every ki,k2 E K, r > 0, and u E S~^, 

Ci exp(r max Aj(c<j)) < ||p(A;i exp(rco')A;2)|| < C2 exp(r max Aj(co')). (8.4) 

i i 

Note that the lower estimate needs further argument in the generality 
of [EMS] , since there the Wj's depend on u. But for constant fj, using 
these estimates, the argument from [EMS] . Lemma A. 4, shows that 

(1) There exists to > such that for t > to the sets St{ki,k2) are 
star- shaped. 

(2) There exists tq > such that for every r > tq, u & S'^, and 
e G [0, 1), we have 

||p(fciexp((r + e)u;)/i;2)|| > g{e) ■ ||p(A;i exp(ru;)A;2)|| 

where g : [0, 1) [^,oo) is explicit smooth function such that 
g{0) = 1 and g' > 0. In particular, there exists (3 > such that 
(7(e) > e^'. 

Let rt{ki, k2,uj) denote the unique solution of the equation 

||p(/ciexp(rt^)A;2)|| = e*. 

Then it follows that 

n+,(fci, k2, uj) < rt{ki, k2, u) + P~^e. 

Finally, the Lipschitz property of the sets Gt can be proved as in Propo- 
sition 18.11 above. □ 

Let us note the following consequence of the foregoing arguments. 
Let if be a symmetric subgroup of a connected semisimple Lie group 
with finite center, embedded a Zariski closed G-orbit in a linear space 
V. 

Corollary 8.4. Proposition \8.3\ applies to subsets of affine symmet- 
ric varieties G/H defined by an arbitrary norm on the ambient vector 
space. 

Proof. Indeed, for symmetric varieties one has a decomposition of the 
form G = KAH where A is simultaneously diagonalizable, and the 
arguments utilized in the proof of Proposition 18.31 apply without any 
material changes. □ 

Proposition 8.5. Let p : G ^ GL{V) is a proper representation of 
a connected semisimple Lie group G such that ^p{G) = p{G), \\ ■ \\ the 
Euclidean norm on End(V), and 

G, = {geG; log ||p(^)|| < t}. 
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Then there exist c > such that for all t > and all e G (0, 1), 



Proof. Let to be as in Proposition 18. 3[ It remains to prove the claim 
for t < to- 

Since p{G) is self-adjoint, there exist a maximal compact subgroup 
K such that p{K) C SO(l^) and a Cartan subgroup such that p{A) is 
diagonal. For ki,k2 & K and a G Lie(y4), 



where Aj's are characters of Lie(A) such that J2i = 0- We use polar 
coordinates (r, uj) on A and set 



Since f" > and /^(O) = 0, the function log/^ is increasing. Let 
be the inverse function of log/^, and tq = max{r^(2to)}- By the mean 
value theorem, there exists a > such that 



vo\{Gt+e) — vol(G't) < ce max{l, vol(G't)}. 



Then 




fLir) > ar 



for r G [0, Vq]. 



Then for some (3 > 



for r G [0,2to]. 



(8.5) 



Since for some c > 0, 



^(r, u;) < cr for r G [0,ro] and ui G 5'^, 



we have 




Now the proposition follows from (18.51) . 



□ 



94 ALEXANDER GORODNIK AND AMOS NEVO 

8.2. Convolution arguments. We now turn to discuss convolution 
arguments, which together with the foregoing result will complete the 
proof of Theorem l3.14[ Let Gi, i = 1,2, be locally compact noncompact 
groups, and let di : Gi [tQ,oo), i = 1,2, be proper continuous 
functions. We set 

Vi(t) = vo\{{gi e Gi] di{gi) < t]), 

v{t) = vol({(^i, g2) G Gi X G2; di{gi) + ^2(^2) < t}). 

Proposition 8.6. Suppose that there exist c > and sq > t^ such that 
for all sufficiently small e > and for all t > Sq, 

Vi{t + e) <{l + ce)viit), i = l,2. 

Then for all sufficiently small e > and for all t > 2so + 2, 

v{t + e) < {l + 3ce)v{t). 

Proof. Let 

wi{t) := vol{{{gi, 5(2); di{gi) + d2{g2) < t, di{gi) > sq + 1, ci2(fi'2) < sq + 1}), 
W2{t) := vol{{{gi, 5(2); di{gi) + d2{g2) < t, di{gi) < Sq + 1, d2{g2) > sq + 1}), 
w-iit) := vol({(5(i, 5(2); di{gi) + d2{g2) < t, di{gi) > Sq + 1, ^2(5-2) > Sq + 1}). 
For sufficiently small e and for all t, we have 
wi{t + e) - wi{t) 



< / yo\{{gi : max{so + l,t - d2ig2)} < di{gi) <t + e - d2{g2)})dg2 
J g-r- d2{g2)<so+l 

< / {vi{t - d2{g2) + e) -vi{t- c?2(5'2)) dg2 

Jg2: t-d(g2)>so 

<ce / Vi{t-d2{g2))dg2<cev{t). 

Jg2: t-d(g2)>so 

Using similar argument, one shows that 

Wi{t + e) — Wi(t) < cev{t), i = 1,2,3, 

for sufficiently small e and for all t. Since for t > 2so + 2, 

v{t+e)-v{t) = {wi{t+e)-wi{t)) + {w2{t+e)-W2{t)) + {w3{t+e)-W3{t)), 

this implies the claim. □ 

A very similar argument establishes the following : 

Proposition 8.7. Suppose that there exist c > and Sq > to such that 
for all t > So, 

Viit + 1) < cviit), 1 = 1,2. 
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Then for all all t > 2so + 2, 

v{t + l) < {l + 3c)v{t). 

Proposition 8.8. Suppose that there exist c > such that for all 
sufficiently small e > and for all t > to, 

vi{t + e) — < cemax{t>i(t), 1}. 

Then there exists Sq > such that for all sufficiently small e > and 
for all t > 2to, 

v{t + e) - v{t) < ctv{t + So). 

Proof. Since 



v{t) = vi{t - d2{g2)) dg2 = vi{t - d2{g2)) dg2, 

'G2 -J g2-t-d2{g2)>to 



it follows that for all sufficiently small e > and t > 2t 



0, 



v{t + e) - v{t) < ce / max{vi{t - d2{g2))A} dg2 

I g2 : t-d2 (92)>to 



< ce / max{t;i(t - rf2(5'2)), 1} 

J g2--t-'d2{g2)>tQ 

Since Gi is noncompact, f (t) — oo as t ^ oo and there exists sq > 
such that for all t > sq + to, we have vi{t) > 1. Then 



v{t + e) - v{t) < ce / vi{so + t - d2{g2)) dg2 

J g2-t-d2{g2)>to 

< cev(t + So). 



□ 



Proof of Theorem \3.14\ (1) follows from Propositions 18.11 and 18.61 (2) 
follows from Propositions 18.31 and 18. 6[ (3) follows from Propositions 
821 [O and EH (4) follows from Propositions EH [O and Ell □ 



As we saw, the properties of balancedness and well-balancedness play 
an important role in the proofs of the ergodic theorems. To complete 
our discussion of the averages discussed in in Theorem 13.141 let us note 
the following. 

First, the following criterion is sufficient to establish that the aver- 
ages (^ittid^Y are in fact well-balanced, provided 1 < p < oo. 

Proposition 8.9. Suppose that for some Sq > to, ai, h > 0, Ui > 

and Wi > 0, 

aif'^e'"^' < Viit) < bif'^e'"^' for t > So and i = 1,2. 
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Then the sets 

Gt = {igu92) : d,ig,r + d2i92r<t^} 

are well-balanced. 

Proof. For s G [0, 1], 

vol(GO > vi{{l - s''flH)v2{st) > (1 - sP)"i/Ps"^ri+"2exp(/t(s)t) 

where = W\{\ — s^^l'^ + W2S. It follows from convexity of k that 
for some sq G (0, 1), k(so) > wi,W2- This implies the claim. □ 

Typically, the averages defined by the distances aidi are not bal- 
anced. However, we have 

Proposition 8.10. Under the assumptions of Proposition IKR there 
exist «!, 0:2 > such that the sets 

Gt = {(91,92) ■ aidi{9i) + a2d2{92) < t} 

are balanced. 

Proof. Choosing 01,0:2 > suitably and rescaling the distance func- 
tions we may assume that oi = 02 = 1 and wi = W2- We have 

Yo\{Gt) > vi{t/2)v2{t/2) > t"^+"2exp(wit). 

This implies the claim unless ui = U2 = 0. In this case, 

vol(G'0> [ e"'^(*-'^^(^^)) d^2. 

Since V2{t) ^ e'^^*, we have Jq^ e'^^'^^^^^ d9 = 00. This implies the 
proposition. □ 

8.3. Admissible, well-balanced, boundary-regular families. The 

present subsetion is devoted to the proof of Theorem I3.17[ whose for- 
mulation we recall. 

Theorem 3.17. Let G = Gi ■ ■ ■ Gg be an S-algebraic group and 
ii denote the standard CAT{0) -metric on either the symmetric space 
Xi or the Bruhat-Tits building Xi associated to Gt. For p > 1 and 
Ui E Xi, define 

Gt = {{91,..., 9s) ■■ < t"}. 

i 

Let m be a Haar measure G. 
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(i) There exist > such that for every nontrivial projection 

namely the averages are well-balanced. 

(ii) // G has at least one Archimedian factor, then the family Gt is 
admissible, and writing m = rrit dt where rrit is a measure 
supported on dGt, the following estimate holds : 

There exist > such that for every nontrivial projection 
n:G^L, 

mtidGt n Tr-\L^t)) < e''^* ■ rritidGt) , 
namely the averages are boundary-regular. 
In the proof, we use the following lemma: 



Lemma 8.11. With notation as in Theorem 3.11, there exists rj > 
such that for every e > and t ^ 0, 

Proof. Note that the stabilizer of Ui is a maximal compact subgroup 
Ki of Gi. For archimedian factors, one can choose a Cartan subgroup 
Ai of Gi equipped with a scalar product such that the map a a ■ Ui, 
a G Aj, is an isometry. Then Cartan decomposition Gi = KiAfKi 
holds, and a Haar measure on Gi is given by dkidh'i{a)dk2 where 

dui{a) = Y\ sinh(a(a))"*'"rfa, (8.6) 

T,f denotes the set of positive roots, and Ui^a is the dimension of the 
root space. For non-Archimedean factors, there exists a lattice Ai in 
the centralizer of a maximal split torus, equipped with a scalar product 
such that the map a ^ a-Ui, a & Ai, is an isometry and Gi = KiA^Ki. 
Let 

dui = ^ vo\{KiaKi)6a. 

Note that 

g^^'^) « YoliKiaKi) « ^^^^ (8.7) 
where qi is the order of the residue field and 2pi is the sum of positive 
roots. Consider a measure u = ^i^i on A"*" = Hj ^^"^ set d{a) = 

(EJI«dlD'/^- Let A+ = YlMt ®^), dHa) = q^'^'^'^da for non- 
Archimedean factors, z/j = Vi for Archimedean factors, and i) = ^iVi. 
It follows from 08.71) that there exists c > such that for t ^ 0, 

i>({a G A : d{a) < t-c}) < v{{a E A : d{a) < t}) < i/({a G A : d{a) < t4 
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Hence, the proof is reduced to estimation of the integral given by I{t) : = 

Ia^A+:dia)<tdHa)- Let 

2p = ^^(loggj) 2pi and r] = sup{2p(a) : a E A^,d{a) < t} 

i 

(here we set qi = e for Archimedean factors). We have 

I{t) < t(dimi+-l)g^t_ (8 8) 

For every e > 0, there exists a closed cone C contained in the interior 
of A'^ such that for a e C, 2p(a) > {r] — e)d{a). Then 

I{t) > [ e^"^"^ da > e^"-^)*. 

J a&C: d{a)<t 

This implies the claim. □ 



Proof of Theorem 3.11. To prove part (i), let G = LL' be a nontrivial 
decomposition of G. Using Lemma 18. Ill we deduce that for s, e G (0, 1) 
and t ^ 0, 

m{Gt) > mL{L(^^_^py/pt)mL'{L'^t) >e exp(K(s,e)t) 

where k{s, t) = {rj — e)(l — s^Y^^ + {rf' — e)s. It follows from convexity 
of K(-,e) that for some So,eo G (0, 1), we have k(so, Cq) > rj^rj'. Hence, 
there exists /? > such that for every t ^ 0, 

mi(Lj) <e-^*-m(Gt). (8.9) 

For a > 0, and t ^ 0, we have 

m{Gt n L^tL')) < mL{Lat)mL'{L[) < mL{L^t)e'^* ■ m{Gt). 

This implies that the averages in question are well-balanced. 
As to part (ii), namely admissibility, the property that 

OeGtOe C Gt+ct for some c > and every e, t > 

follows from the triangle inequalities for diS and the L^-norm. Now we 
show that 

m{Gt+e) < (1 + ce)m{Gt) for some c > and every t ^ 0, e G (0, 1). 

(8.10) 

Let d{g) = (E» Write G = MN where M is an archi- 

median factor and is its complement. Setting 

v{t) = ruMiMt) and w{t, n) = v{{tP - ^(n)^)^/*'), 

we have 



m{Gt) = / w{t,n)dn. 

J d{n)<t 
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We claim that the function v is differentiable and 

< max{t,t;(t)} for alH > 0. (8.11) 

To prove this, we consider the Cartan decomposition M = KA^K (as 
in the proof of Lemma 18.111) and introduce polar coordinates (r, uj) G 
M"*" X S'^ on the Lie algebra of A. The Haar measure is given by 
^{r^oj) dkidrdujdk2 with exphcit density ^ (see (18.61) ). We get 

mM{Mt+e) - niMiMt) = / / ^{r,uj) drduj = e ^{(7{uj),uj) du; 

Js+ Jt Js+ 

(8.12) 

for some <j{uj) E [t,t + e]. Since ^(r, u;) ^ r for r G [0, 1], this implies 
(18. lip for t G [0, 1]. To establish (18.111) for t > 1, we use the property 
of the function ^ stated in (8.1). It follows from (18.111) that 

w'{t,n) <^ max{l,w(t,n)}. 

uniformly on t > and n E N satisfying d{n) < t, and we deduce the 
estimate 



m(G; 



t+e) 



■m{Gt) <^ e / max{l,w{t + e,n)}dn 

Jd{n)<t 



for every t > and e G (0, 1). There exists to > 1 such that w{t + 
to,n) > 1 for every t > and n E N such that d{n) < t. Then 

m(Gt+,) - m(G't) < e / w{t + to,n) dn < em{Gt+t„). 

J d{n)<t 

Now (18.101) follows from Lemma 18. Ill This proves that the sets Gt 
are admissible. We have decomposition of the Haar measure on M: 
rriM = ^M,tdt, where mM,t is measure supported on dMf. Note 
that 

muAdMi) = v'{t). 
The Haar measure on G has a decomposition: m = rrit dt, where 

dmt{m,n) = tP~^{t^ - d{nfY^^'^dmM,{tp-dN{n)p)^/p{^)dn. 
Hence, we have 

mt{dGt) = / w'{t,n)dn. 

J d{n)<t 

As in fra . 

mM{Mt)= [ [ e(s,cu)c/sc/cu<t^""^-'e''* 
Js+ Jo 
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where t] = max{2p(c(j) : u G S^} and 2p is the sum of positive roots of 
A. Choosing a small neighborhood U of c^o satisfying 2p(a;o) = we 
deduce that using fl8.12p that for every 6 > and t ^ 0, 

mM{Mt+,) - mM{Mt) > t [ ^ia{uj),u) c/u; > e ■ e^''"^)*, 



This implies that for every 6 > and t ^ 0, v'{t) ^ v{{l — 6)t). Hence, 
for a G (0, 1) and t > 0, 

mt{dGt)> / w'{t,n)dn:^ I w{t,n) dn > m{G^t)- (8.13) 

Jd{n)<at J d{n)<at 

For a G (0, 1) and t > 0, 

mt{dGt n M^tN) = / w'{t, n) dn 

J {l-aP)-'^/Pt<d{n)<t 

<C / max{l,w{t,n)}dn 

J {l-aP)-'^/Pt<d{n)<t 

< m^iN n Gt) + m{Gt D M^tN). 
Also, for every nontrivial simple factor tt : N ^ L, 

mt{dGt n Mn-\Lat)) = / w'{t,n)dn 

■C / max{ l,w{t,n)} dn 

Jrte7r-l(Lat),Q!(n)<t 

< mjv(7r-i(L«t) n Gt) + m{Gt n M7r-i(L,0)- 
Now boundary-regularity follows from (18.91) . (i), (18.131) . □ 

8.4. Admissible sets on principal homogeneous spaces. We now 

consider sets defined by a norm on principal homogeneous spaces, which 
appear in the discussion of integral equivalence of forms in two or more 
variables in §2.3. 

Proposition 8.12. Let G be a connected semisimple Lie group with 
finite center, p : G ^ GL{V) an irreducible representation, andvQ G V 
with compact stabilizer. We fix a norm on V and set 

Gt = {geG: log||p(^)t;o|| <t} 

Let TT denote the projection on the highest weight space. IfO ^ 7t{p{K)vo) 
for a maximal compact subgroup K of G, then the sets Gt are admis- 
sible. 
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In particular, the proposition applies to the following example: the 
group G = SLjt(]R) acting on the space Wn,k of homogeneous polynomi- 
als of degree n and /o G Wn^k is such that /(x) 7^ for all x G M'^\{0}. 

In the proof we use the following lemma. 

Lemma 8.13 (cf. [EMS] . Lemma A.4). Let \i{uj) E R and Vi{k) E V 
depend on parameters u, k and for every s > 0, 



exp(s max Ai(ti;)) <^ 



<^ exp(s max Ai(ti;)) 



uniformly on uj, k. Then there exists Tq > such that for every T > Tq, 
the set 



s > : 



< T 



(8.14) 



is an interval [0, r(T, u;, fc)] and 

r{{l + e)T,uj,k) -r{T,uj,k) <^e 

uniformly on uj, k, e E (0, 1), and T > Tq. 

We note that the statement of Lemma A.4 in [EMS] is somewhat 
weaker than the statement above, but the proof there implies the 
lemma in this generality. 

Proof of Proposition \8.1B, We fix a Cartan decomposition G = KA^K. 
For a weight A of Lie(y4), we denote by tt^ the projection on the weight 
space of A. Then for g E A;iexp(a)/ci E G, 

gvQ = ^e^^'''^k^Ti^{k2VQ) 

X 

This implies that 

maxe^(")||7rA(Mo)|| < \\gvo\\ < maxe^("^||7rA(Mo)||, 

A, k2 A, k2 

and it follows from the assumption ^ n{Kvo) that 

It is straightforward to check that O^Gt C Gt+ct for some c > 0. 
Now we show that GtO^ C Gt+ce as well. For g = ki exp(a)fc2 and h in 
G, we have 

A 

■C \\gvo\\d{h,e). 
This estimate implies the claim. 
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It remains to show that for sufficiently small e > and for sufficiently 
large t, 

mciGt+e) - mciGt) < e. (8.16) 
Since (18.151) holds, we may apply Lemma [8. 131 with vectors w's given by 
kiTTx{k2VQ) with /ci, £ K. This implies the Lipschitz estimate (I8.14p . 
and (I8.16P is deduced as in [EMSl Proposition A. 5]. □ 

Proposition 8.14. Under the assumptions of Proposition IKJR there 
exist c> 0, a > 0, and 6=1,..., rank(G') such that 

vol{Gt) ~ ct^~^e^' ast^oo. 

Proof. Fix a Cartan decomposition G = KA^K. Then the Haar mea- 
sure on G is given by ^{a)dkidadk2. For ki, ^2 G K, set 

At{ki, k2) = {a e A : log ||/i;ia/i;2|| < t}. 

We have 

vo\{Gt) = / ^(a)dadkidk2. 

J KxK J Atik^M) 

By |GWl §7], 

i{a)da ~ c{ki, k2)t^^''"^^^e''^''''^^^' as t 



j At 



oo. 



lAtikiM) 

Also, it follows from (18.151) that 

tb-i^at ^ f ^{a)da<^t'-^e''' 

JAtikiM) 

for sufficiently large t and fci, ^2 G K. Hence, the parameters a{ki, ^2) 
and b{ki,k2) are constant, and the claim follows from the dominated 
convergence theorem. □ 

8.5. Tauberian arguments and Holder continuity. Finally, we 
will now establish the Holder-admissibility property of averages defined 
by a regular proper function on an algebraic varieties with a regular vol- 
ume form. Our approach uses the following Tauberian theorem which 
is proved using the argument of |CT] . Theorem A.l. 

Proposition 8.15. Let v : [0, 00) [0, 00) andf{s) = x~'^v{x) dx. 

(1) Let v{t) be increasing for sufficiently large t. Assume that the 
integral f{s) converges for Re(s) 3> 0, admits meromorphic 
continuation to Re(s) > a — So, and in this domain it has unique 
pole s = a of multiplicity b and satisfies 

( r. „\h 



fis) 



0((1 + Im(s))") 
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for some k, > 0. Then 

v{t) = r-ip(logt) + Oit"-^-^) ast^oo 

for some nonzero polynomial P and 6 > 0. 
(2) Let v{t) be increasing for sufficiently small t. Assume that the 
integral f{s) converges for Re(s) <^ 0, admits meromorphic 
continuation to Re(s) < a + 6o, and in this domain it has unique 
pole s = a of multiplicity b and satisfies 

\b 

= 0((1 + Im(s))") 



for some k > 0. Then 

v{t) = r-ip(logt) + 0(r-^+^) as t 0+ 
for some nonzero polynomial P and 6 > 0. 

Proof. The first statement is essentially proved in |CT] (in the context 
of Dirichlet series), and the second statement is proved similarly. We 
give a sketch of the proof for the second statement. 
For negative a' < a, define 

, , (-l)''+^k\ f , , ds 



2Txi Ja'+m. s^^^ 
This integral is absolutely convergent for k > n. Applying Cauchy 
formula for the region a' < Re(s) < a + So/2, Im(s) < S with S oo 
we deduce that for some nonzero polynomial Pk, 

Wk{t) = t^Pkilogt) + 0(t°+^o/2) ^ ^ 0+. (8.17) 

It follows from the formula 

A^^ = / -¥(log^)' 0<A<1, 
s^+i \ A < 1 

that 

/»CXD /»00 

Wk{t) = {-lf {\og{t/x)fv{x)dx= {\og{x/t)fv{x)dx. 



Now we derive asymptotic expansion for Wk-i assuming that (18.171) 
holds. By the intermediate value theorem, for every t > and 7] G 
(0,1), 

((log(x/t(l —ri))Y — (log(x/t))^) v[x)dx 



Wk-l{t) < 



—k log(l — 7]) 
^ Wfc(t(l - ri)) - Wkjt) 
~ — fclog(l — rj) ' 
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and 



Wk-l{t) > 



ItTl+v) ((log(3^A))'' - (log(x/t(l +7]))'=) V{x)dx 

k\og{l + rf) 
+ 1 — T^ N / {\og{x/t) f v{x)dx 



> 



log(l + 7]) 
Wk{t) - Wk{t{l + 7])) 



k\og{l + ri) 

Taking rj = with small e > and using (18.171) . we deduce that from 
the above estimates that 

Wk-i{t) = rPfe_i(logt) + O {{logtf'^^H"^' + t»+^o/2-e^ as t 0+ 

for some nozero polynomial Pk-i (see |CTj . proof of Theorem A.l, for 
a detailed computation). This implies that (18.171) holds for all A; > 0. 
To complete the proof, we observe that for small t > and rj G (0, 1), 

^{wo{t{l - T])) - Wo{t)) < V{t) < ^{wo{t) - Wo{t{l + f]))). 
17] 17] 

Setting T] = f with small e > 0, we deduce the required asymptotic 
expansion for v{t) from the asymptotic expansion for Wo{t). □ 

We will now employ Proposition 18. 151 and prove the Holder continuity 
of the volume function in the context of algebraic functions on algebraic 
varieties. 

Theorem 8.16. Let X be a real algebraic variety equipped with a reg- 
ular volume form uj and \& : X ^ M a nonconstant regular proper 
function. Then the function g{t) = Jq,(^^)^fdu is uniformly Holder on 
finite intervals. 

Proof. At regular values of 



where vt is the induced measure on the fiber \l'~^(t). We claim that for 
t in a neighborhood of an isolated critical value to, 

g\t)<^\t-to\-' (8.18) 

for some r > 0. Let Z be the set of critical points of \1/ in \E'^^(to)- By 
Lojasiewicz's inequality (see, for example, [BMj . Theorem 6.4), 

||(V*).|| »rf(x,Z)^ 

for some positive r. For x G ^^^(t) and z G ^^^(to), 

d{x,z) > \^{x) - ^(2;)! = |t -tol- 
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This implies (18. 181) . and by the intermediate value theorem, for to < 
ti < ^2 in a neighborhood of to 5 

1^7(^2) - g{ti)\ < |ti - tor ■ \t2 - til- (8.19) 

Next, we show that g is Holder at critical values of \E'. For c > 0, 
we consider the function v defined by v(t) = jc<^!<c+t^^ for t < 1 and 
v{t) = Q for t > 1, and its transform 

f{s)= rt-'v{t)dt= I i^i^M^fl!Zrf^(a;) 
Jo ic<*(a;)<c+l ^ ^ 

which is absolutely convergent for Re(s) < 1. Applying Hironaka reso- 
lution of singularities to the function F{g) = — c, we deduce that 
there exists an atlas of maps (pi : (—1, 1)'^ — * f/j, U-i is open in X, such 
that 0j's are diffeomorphisms on sets of full measure, and 

F((l)i(x)) = x°'^Fi{x) and duj{(j)i{x)) = x^'pi{x)dx 

where x"' and x^' denote monomials, and Fi and pi are positive smooth 
functions. Let {77,} be a partition of unity subordinate to the cover 
such that 

?7i = 1 on {c < ^(x) < c + 1/2} and supp(?7i) C {^(x) < c + 1}. 
We have 



/ {^{x)-cY~'dmG{g) (8.20) 

= V / x''^+^'-'^"^F.,ixY-'p,{xM<j),{x)) dx + as) 

where ^(s) is an integral over the region '^{x) > c+1/2, hence, holomor- 
phic, and the other integrals can be meromorphic continued integrating 
by parts: 



x^^+(^-^)-^F,{xy-'p.,{xM(j).,{x))dx 
n(l + A + (1 - s)a,,,) j a;i+^^+(^-^)"'(Fi(x)^- 



'pi{x)r]i{(pi{x))y dx. 



Therefore, fl8.20p implies that the conditions of Proposition 18. 15( 2) are 
satisfied, and hence. 



v{t) = r-ip(logt) + 0(r-^+^) as t ^ 0^ 
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for some a > 1. If a = 1, then vol({x : = c}) > 0, but the set 

{x : = c} is a proper algebraic subvariety of X. Hence, a > 1 and 
we deduce the Holder estimate 

vol({x : c < ^(x) < c + 1}) < f 

with a < a — 1. 

Since g is a polynomial function it has only finitely many critical 
values. The function g is on the set of regular values. Hence, it 
remains to show that g is Holder in a neighborhood of a critical values. 
For instance, consider the case when ti and ^2 are in a neighborhood 
of a critical value to and to < < ^2- The other cases are treated 
similarly. We have 

\9{t2) -9{ti)\^{ti- toT + (^2 - toT < {ti - toT + {t2 -tiT- (8.22) 

When [ti — to) ^ (^2 — ^i)^^^^, the Holder estimate follows from 
fl8.19p . and when the opposite inequality holds, the Holder estimate 
follows from (18.221) . This completes the proof. □ 

We now obtain the following 

Theorem 8.17. Let X he a real algebraic variety equipped with a reg- 
ular volume form cj, \E' : X — > [1, 00) a proper function, and 

v{t) = vol({x G X : *(a;) < t}). 

Then for some a > 1, a nonzero polynomial P, and 6 > 0, we have 

v{t) = t^-^P{logt) + Oit"-^-^) as t 00. 

Proof. First note that since the function 9{t) = max{||x|| : \E'(x) < t} is 
semialgebraic, there exists M > such that 6{t) ^ t'^^ for sufficiently 
large t. This implies that for some > and t ^ 0, we have v{t) <^ 
t^. 

Now let w(t) = v(t) — f (1) for t > 1 and w(t) = for t < 1. Consider 
the transform of w: 

POO 

f{s) = / t-'w{t)dt 
Jo 

which is convergent for Re(s) > M + 1 and 

/(s) = (s- l)-i / ^{x)-'+Uuj{x) 
Jx 

Applying Hironaka resolution of singularities, we may assume X is 
semialgebraic subset of a smooth projective variety Y, and there exists 
an atlas of maps 0j : (—1, 1)'^ — > Y, Ui is open in Y, such that 0j's are 



8.21) 
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diffeomorphisms on sets of full measure, and (j)^^{Ui fl X) is a union of 
quadrants, and 

where x"' and x^^ denote monomials, and Fi and pi are smooth func- 
tions nonvanishing on (—1, l)'^. Let {rji} be a partition of unity subor- 
dinate to the cover {Ui}. Then 

duj{x) = y / x^'-^^"^+'^^^iixy-^pi{x)r]i{(j)i{x)) dx. 



X ■ J^p-^Uiiix) 

Integrating by parts, we deduce that this expresion has meromorphic 
continuation and satisfies the conditions of Proposition 18.151 This im- 
plies the claim. □ 

Theorem 8.18. Let X be a real algebraic variety equipped with a reg- 
ular volume form uj and \E' : X — > [1, oo) a nonconstant regular proper 
function. Then for some /9 > 0, the function g{t) = J^^^ doj satisfies 

g{{l + e)t) - git) < e'^ max{l, ^(t)} for all e G (0, 1) and t > 0. 

Proof. On finite intervals, this is already proved in Theorem 18.161 Since 
^ is regular, it has only finitely many critical points. Thus, it remains 
to consider an interval t ^ which contains no critical points. It 
follows from Theorem 18.171 that for t > e~" with arbitrary a > 0, we 
have 

g{il + e)t)-g{t)<^e^g{t) 

where j3 > depends on a. To prove the estimate for t < e^", we use 
that 

g'{t)= I \\{V^U\-^duJt 

where ujt is the regular volume form on {\t' = t} induced by uj. Since the 
function t max{|| (V\E')a;||~^ : \t'(x) = t} is semialgebraic, it follows 
that there exists M > such that for \I'(x) ^ 0, 

||V(logvI/),|ri«vl/(a;)^. 
Similarly, for \E'(x) ^ 0, 

This implies that for some > and t ^ 0, we have 

g'{t) « t^. 

Then when ^ t < e~° with a < 1/A^, we have Holder estimate 
Hence, the claim follows. □ 
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Finally, we combine the foregoing arguments to prove Holder-admissibility 
of families defined by a height function on a product of affine varieties, 
and in particular on S'-algebraic group (as stated in Theorem I3.15p . 

Theorem 8.19. Let X = Xi ■ ■ ■ X^ be a product of affine varieties Xi 
over local fields equipped with regular volume forms. We denote by \\ ■ ||j 
either the Euclidean norm for Archemedian places or the ma.x-norm for 
non-Archemedian places and set 

Xt = {(xi, ...,Xn): X^log \\xi\\i < t}. 

i 

If at least one of the factors of X is Archimedean, then the function 
t vo\{Xt) is uniformly Holder. 

Proof. Setting Vi{t) = vol({xj : log||a;j|| < t}, the claim is deduced 
applying Propositions 18.81 and 18.71 inductively. Using restriction of 
scalars, we can assume that all Archimedean factors are real. For 
Archimedean fj's, the assumption of Proposition 18.81 follow from The- 
orem 18.181 and the assumption of Proposition 18.71 follows from Propo- 
sition 18.171 Hence, it remains to verify the assumption of Proposition 
18.71 at non- Archimedean places. In this case, it follows from |Dej that 
fx W-^Wi doJi{x) is a rational function of qf and q~^ where qi is the order 
of the residue field. Hence, 

Wi{n) := vol({x G Xi : \\xi\\i = gf}) = 

j 

for rational polynomials pij and aij G Z. This implies that Vi{t) = 
J2n<t''^i(^) satisfies Vi(t + 1) <C Vi{t) for sufficiently large t. 

Now the claim follows from Propositions 18.81 and 18.71 □ 
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